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A B S T R A C T   

In this work, fatigue crack growth (FCG) in the 2024-T351 aluminium alloy is studied using the plastic CTOD 
range, Δδp. Experimental tests were performed on 12 mm thick CT specimens in order to obtain FCG rate and in 
cylindrical specimens to obtain stress–strain loops. A numerical analysis replicated the experimental work in 
terms of material, geometry and loading conditions, but assuming pure plane strain state, in order to obtain Δδp. 
The material parameters were fitted using the experimental stress–strain loops. The experimental work showed 
an increase of FCG rate with the increase of stress ratio from R = 0.1 to R = 0.7 mm, which indicated the ex
istence of the crack closure phenomenon. However, the analysis of the position of the first node behind the crack 
tip showed that there is no crack closure under plane strain state, while a maximum value of 36% was found for 
plane stress state. Therefore, the surfaces influence FCG rate even in 12 mm thick specimens. A nearly linear 
relation was found between da/dN and Δδp. The comparison with other aluminium alloys showed that there is a 
significant influence of material on da/dN-Δδp relation. The change from plane strain to plane stress state 
decreased FCG rate due to crack closure. Under plane strain state there is a minor influence of stress ratio in the 
range R = 0.1–0.7, also because there is no crack closure. Finally, a comparison was made between plastic CTOD 
and cumulative plastic strain at the crack tip. Well defined relations were found, showing that both parameters 
can be used to quantify crack tip deformation.   

1. Introduction 

Fatigue crack propagation is usually studied assuming that the range 
of stress intensity factor, ΔK, is the driving force [1]. In fact, there is a 
link between the singular elastic field and the plastic deformation 
happening at the crack tip [2], which justify the extensive use of ΔK. The 
da/dN-ΔK curves of each material are obtained experimentally in stan
dard specimens [3]. Different limitations have however been identified 
in the use of these da/dN-ΔK curves, namely, the increase of da/dN with 
stress ratio, the incapacity to explain load history effects and the rela
tively high fatigue crack growth (FCG) rate observed for short cracks. 
Besides, the use of ΔK is limited to Linear Elastic Fracture Mechanics, 
whose definition of limits is not obvious [4]. Therefore, different con
cepts have been proposed to circumvent these limitations and at the 
head of them appear the concept of crack closure [5]. The contact of 
crack flanks has been widely used to explain the effect of stress ratio, 

specimen thickness, variable amplitude loading and short cracks. 
However, despite its ability to explain different FGC issues, crack closure 
has been the subject of heated discussions. In fact, there is no consensus 
about the adequate measurement procedure, and there are researchers 
questioning its relevance on FCG [6]. Complementary concepts, like the 
T-stress [7,8] and more complex models, like the Christopher-James- 
Patterson (CJP) model [9], were also proposed. An alternative 
approach based on Kmax, and ΔK was proposed [10,11], which shifts 
attention from behind the crack tip to its front. 

However, for a better understanding of FCG, attention must be 
focused on the crack tip. In fact, since FCG is due to irreversible damage 
acting at the crack tip, alternative parameters to the elastic ΔK are 
needed. Different damage mechanisms may be active at the crack tip, 
but cyclic plastic deformation is usually considered to be the most 
relevant [12,13]. Consequently, different nonlinear parameters have 
been proposed as crack driving forces, including the total CTOD (Crack 
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Tip Opening Displacement), the energy dissipated around the crack tip, 
the plastic deformation at the crack tip [14,15], and the size of the cyclic 
plastic zone [16,17]. The authors proposed the correlation of da/dN 
with the plastic CTOD range, Δδp, and obtained linear da/dN-Δδp plots in 
natural scales [18,19]. Two assumptions are behind the use of plastic 
CTOD as crack driving force: (1) FCG is due to cyclic plastic deformation. 
(2) The plastic CTOD is able to feel crack tip phenomena, being pro
portional to crack tip deformation. The determination of da/dN-Δδp 
curves follows a simple strategy. First, experimental work using stan
dard specimens (C(T) or M(T)) is followed in order to obtain da/dN. 
Second, a finite element model replicates the experimental work in order 
to predict the plastic CTOD. The numerical model must replicate the 
experimental work in terms of loads, geometry and material properties. 
The proper modelling of material behaviour is fundamental to obtain 
good quality predictions of plastic CTOD. The material constants, 
including the isotropic and kinematic hardening parameters, are ob
tained in low-cycle fatigue tests, using cylindrical specimens tested 
under constant strain range. The difference between the experimental 
stress–strain loops and analytical models are minimised in order to 
obtain material constants. The CTOD has also been determined experi
mentally using Digital Image Correlation (DIC) [20–23]. More recently, 
a predictive model based on cumulative plastic strain at the crack tip 
was developed [25,26]. This needs only one experimental value of da/ 
dN, while the da/dN-Δδp approach needed values for several crack 
lengths. However, DIC cannot be used to calculate the crack tip plastic 
deformation. 

The main objective here is to study FCG in the 2024-T351 aluminium 
alloy using nonlinear crack tip parameters. Experimental work was 
developed in CT specimens to obtain FCG rate and in cylindrical speci
mens to obtain stress–strain loops. A numerical model was developed to 
predict plastic CTOD, Δδp, in order to obtain a da/dN-Δδp model. This 
model was compared with similar ones obtained previously for other 
aluminium alloys and was used to predict the effect of stress state and 
stress ratio. In addition, an attempt was made to verify the existence of a 
link between the plastic CTOD range and the crack tip plastic strain. This 
is important to ensure that DIC can continue to be used in the new 
approach based on crack tip plastic strain. 

2. Experimental fatigue crack growth rate 

Table 1 shows the chemical composition of the 2024-T351 
aluminium alloy used in this work. Table 2 presents the mechanical 
properties of the 2024-T351 aluminium alloy. Young modulus, Yield 
stress, and Ultimate Tensile Strength (UTS) and elongation at break were 
determined with a tensile test. This material has a low environmental 
impact, good fatigue properties, and high specific properties. Therefore 
it is interesting for transportation industries [27]. This means that these 
types of alloys are ranked favourably when both fatigue behaviour and 
environmental impact are taken into account. In fact, this material is the 
most used aluminium alloy in the aircraft industry. With respect to 
corrosion resistance, it should also be noted that Al-Cu alloys are rather 
sensitive to aqueous NaCl solutions. 

FCG experiments were conducted on C(T) specimens with 
W = 50 mm and thickness of 12 mm, following ASTM E-647 standard 
[3]. The specimens were machined in T-L direction. Therefore crack 
growth occurs along the rolling direction. The tests were performed in a 
100kN servo-hydraulic testing machine. The specimen was pre-cracked 
under mode I loading for 120,000 cycles at a frequency of 10 Hz, a load 
ratio (R) of 0.05 and a stress intensity range (ΔK) of 8 MPa⋅m0.5. The 

final crack length of pre-cracking was about 20 mm (a/W = 0.40). All 
subsequent load cycles were done under constant amplitude loading, 
considering the loads presented in Table 3. The crack growth rates, da/ 
dN, were obtained by numerical derivation in accordance with ASTM 
E647. The procedure involves fitting a parabola of order 5 to a set of 11 
successive points in the a-N curve and calculating the growth rate from 
the derivative of the parabola. Successive points in the a-N curve were 
taken at 1500-cycle intervals. 

Fig. 1 presents the fatigue crack growth rate, da/dN, versus ΔK in 
log–log scales for stress ratios R = 0.1 and R = 0.7 [29,30]. The increase 
of ΔK increases over da/dN, as expected, and regimes I and II of crack 
growth can be identified. A wavy behaviour can be seen in Paris law 
regime [29]. The fatigue thresholds for R = 0.1 and R = 0.7 are 3.3 and 
1.79 MPa⋅m0.5, respectively. The increase of stress ratio increases fatigue 
crack growth rate, which suggests the existence of crack closure for 
R = 0.1 [29]. 

3. Material hardening model 

3.1. Strain controlled tests in smooth specimen 

Cylindrical specimens were machined with 8 mm in diameter and a 
gauge section of 33.6 mm, in accordance with ASTM E606 standard 
[31]. The low cycle fatigue tests were conducted in a 100kN servo- 
hydraulic testing machine in laboratory air environment at room tem
perature. Tests were conducted under axial total strain-controlled mode, 
with sinusoidal waves, using a constant nominal strain rate of 0.008 s− 1, 
total strain ratio (Rε) of − 1 and total strain amplitude (Δε/2) equal to 
0.02%. The strain was measured with a 12.5 mm gauge extensometer 
attached to the specimen using rubber bands. Fig. 2 shows the stress–
strain curve obtained. The material presents initial cyclic hardening, 
followed by stabilisation. 

3.2. Calibration of material parameters 

The accurate modelling of material elastic–plastic behaviour is 
fundamental to obtain good quality numerical predictions of plastic 
CTOD. The elastic behaviour is assumed isotropic and described by 
Hooke’s law. On the other hand, the plastic behaviour is characterised 
by the von Mises yield criterion and the Swift isotropic hardening law 
coupled with Lemaître-Chaboche kinematic hardening law under an 
associated flow rule. Swift hardening law is described by [32]: 

Y = C
[(

Y0

C

)1
n

+ εp
]n

(1)  

where Y0, C, εp and n are the material parameters. The Lemaître-Cha
boche kinematic hardening law is [33]: 

Table 1 
Chemical composition in weight % of 2024-T351 aluminium alloy. The balance 
is Al [28].  

Si Fe Cu Mn Mg Cr Zn Ti  

0.50  0.50 3.8–4.9 0.3–0.9 1.2–1.8  0.10  0.25  0.15  

Table 2 
Mechanical properties of 2024-T351 aluminium alloy [28].  

Young 
modulus 

Yield 
Stress 

UTS Elongation at 
Break 

Brinell 
Hardness 

73 GPa 325 MPa 470 MPa 20% 137  

Table 3 
Load parameters adopted in the experimental and numerical analysis.  

R Fmin 

[N] 
Fmax 

[N] 
amin 

[mm] 
amax 

[mm] 
Fmin, num 

[N] 
Fmax, num 

[N]  

0.1 500 5000 12 30  4.17  41.67  
0.3 1680 5600 12 29  14.00  46.67  
0.5 4250 8500 12 26.7  35.42  70.83  
0.7 8750 12,500 12 22.5  72.92  104.17  
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Ẋ = CX

[

XSat
σ′

− X
σ − X

]

ε
⋅ p
, (2)  

where CX and XSat are the material parameters of Lemaître-Chaboche 

law, σ is the equivalent stress and ε
⋅ p 

is the equivalent plastic strain rate. 
The calibration of the material parameters that best describe the plastic 
behaviour was made out by minimising the following least-squares 
objective function: 

F(A) =
∑N

i=1

(
σFit(A) − σExp

σExp

)2

i
, (3)  

where σFit(A) and σExp denote the fitted and the experimental values of 
true stress, respectively. The adopted experimental values were obtained 
from the low-cycle fatigue test carried out for Rε = -1 and Δε/2 = 1.5%, 
using N experimental points. The set of material parameters (Swift and 
Lemaître-Chaboche laws) is defined by A, which minimises F(A). The 
fitting was carried out using the Microsoft Excel SOLVER, which uses the 
Generalised Reduced Gradient (GRG2) nonlinear optimisation algo
rithm [34]. The obtained set of material parameters is presented in 

Table 4. Fig. 3 shows the experimental and fitted stress plastic strain 
curves of the AA2024-T351. It is observed a superposition of the curves 
meaning that the set of parameters presented in Table 4 describe well 
the elastic–plastic behaviour of the material. 

4. Numerical prediction of plastic CTOD 

4.1. Finite element model 

The C(T) specimen was modelled numerically using the finite 
element method. Only half of the specimen was modelled using suitable 
boundary conditions, as illustrated in Fig. 4a. A small thickness 
(t = 0.1 mm) was considered in the numerical models, which is enough 
to simulate plane stress and plane strain states considering adequate 
boundary conditions. Pure plane strain state was assumed, imposing 
restrictions to deformation perpendicularly to the main face, as shown in 
Fig. 4e. This stress state was assumed because the C(T) specimen used in 
the experimental tests is relatively thick (12 mm). A pure plane stress 
state was also simulated, eliminating the restrictions perpendicular to 
the main face of the specimen, as shown in Fig. 4d. 

A straight crack was defined, with different initial sizes, a0, of 5, 9, 
11.5, 14, 16.5, 19, 21.5, 24, and 26.5 mm. The constants presented in 
Table 4 were used to simulate the elastic–plastic behaviour of the ma
terial, while the loads in Table 3 were applied as indicated in Fig. 4a. The 
finite element model had a total number of 3D 7287 linear isoparametric 
elements and 14,918 nodes. The finite element mesh, shown in Fig. 4b 
and 4c, was refined in the crack growth region, having 8× 8μm2 of the 
element size. The region with refined meshed was shifted in accordance 
with the initial crack length. Only one layer of elements was considered 
along the thickness direction. In the present study, crack propagation 
was numerically modelled by successive debonding of both current 
crack front nodes. The release occurs at minimum load to avoid 
convergence problems that could arise by propagating the crack at 
maximum load. The size of each crack increment corresponded to the 
finite element size in the refined region, and five load cycles were 
applied between successive increments. In order to stabilise the plastic 
wake, 800 load cycles were applied, corresponding to a total crack 
propagation Δa = 1.272 mm. 

The numerical simulations were performed using the three- 
dimensional elastic–plastic finite element code DD3IMP [35,36]. An 
updated Lagrangian approach is used to describe the evolution of the 

Fig. 1. Influence of the stress ratio on the da/dN-ΔK curves obtained experi
mentally for AA2024-T351. 

Fig. 2. Cyclic behaviour of the material.  

Table 4 
List of material parameters involved in the Swift and Lemaître-Chaboche laws.  

Material Y0 [MPa] C [MPa] n Cx [-] XSat [MPa] 

2024-T351  288.96  389.00  0.056  138.80  111.84  

Fig. 3. Cyclic stress – plastic strain curve of AA2024-T351 (black line) and 
fitted curve (red line), obtained by minimisation of F(A). (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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deformation process, assuming a hypoelastic–plastic model. The nu
merical model considers large elastoplastic strains and rotations, while 
the elastic strains are assumed negligibly small. In order to take into 
account the physical contact between the crack flanks, a rigid body 
(plane surface) aligned with the crack symmetry plane is considered. 
The CTOD was measured at the first node behind the crack tip, i.e., at a 
distance of 8 μm from the crack tip. 

4.2. Numerical results 

4.2.1. Typical plots of CTOD versus F 
Fig. 5 presents typical results of CTOD versus the ratio between the 

nominal stress at the crack tip and the yield stress of the material, ob
tained after a crack growth Δa = 1.272 mm, corresponding to 159 in
crements of 8 μm. In this case, the crack is open at the minimum load 
(point A), which means that there is no crack closure. This can be 
considered normal for plane strain state. The progressive loading in
creases the CTOD, and up to point B there is a linear elastic behaviour. 
The load range between A and B is used to predict the elastic range of ΔK 
and the fatigue threshold. Plastic deformation starts at point B, 
increasing progressively up to the maximum load (point C). The range of 
plastic CTOD, δp, is represented by Δδp. The subsequent decrease of load 
produces reversed elastic and plastic deformation. The reversed plastic 
deformation, Δδpr, is lower than Δδp. 

Fig. 4. Model of C(T) specimen. (a), (d) and (e) Load and boundary conditions. (b) and (c) Details of finite element mesh.  

Fig. 5. Typical results of CTOD versus the ratio between the nominal stress 
evaluated at the crack tip and the yield stress of the material (a = 22.772 mm; 
Fmax = 41.67 N; Fmin = 4.16 N; R = 0.1; ΔK = 14.20 MPa⋅m0.5; plane strain). 
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4.2.2. Prediction of fatigue threshold 
The CTOD results may also be used to predict the effective ΔK, ob

tained removing the elastic range of load. The load range between points 
A and B in Fig. 5 defines the elastic range, which is not expected to 
contribute to FCG. Fig. 6 plots ΔKelas versus plastic CTOD range, Δδp, 
obtained for the different crack lengths studied. The decrease of Δδp (i.e., 
of ΔK) produces a negligible linear decrease of ΔKelas from about 
3.88 MPa.m0.5 to 3.67 MPa.m0.5. There is no influence of stress ratio, 
which is a good indication for the robustness of the predictions. Note 
that crack closure is removed from the analysis, which explains the in
dependence relatively to stress ratio, R. On the other hand, the experi
mental values show a significant influence of the stress ratio due to crack 
closure [37]. Note that the effective range of ΔK is expected to be Kmax- 
Kopen-ΔKelas (=Kmax − KB, being KB the stress intensity factor corre
sponding to the transition between the elastic and plastic regimes). The 
extrapolation of ΔKelas to zero gives the effective fatigue threshold, ΔKth, 

eff, assuming that the fatigue threshold corresponds to a pure elastic 
deformation at the crack tip. The value obtained for ΔKth,eff, was about 
3.46 MPa.m0.5, as can be seen in Fig. 6. 

Experimental results for R = 0.1 and R = 0.7 are also presented in 
Fig. 6, which were obtained from Fig. 1. Crack closure for R = 0.7 is null 
or almost negligible, therefore, the fatigue threshold can be considered 
to be an effective value. On the other hand, the value for R = 0.1 is 
higher due to crack closure. The numerical prediction of ΔKth,eff is 
significantly higher than the experimental value, by a factor of about 2. 
This is just an empirical rule, but it seems to work, i.e., there is a factor of 
about 2 between the numerical prediction of fatigue threshold and the 
effective value obtained experimentally [38]. The difference may be 
explained by environmental mechanisms which are dominant for nearly 
stationary fatigue crack [39]. In fact, the 2024 alloy is affected by 
oxidation and hydrogen embrittlement [40]. Therefore, the numerical 
approach proposed for the prediction of fatigue threshold is adequate for 
vacuum conditions [38]. Avram [41] obtained ΔKth = 3.8 MPa.m0.5 for 
2024-T351 aluminium alloy tested at R = 0.1 (M(T) specimens; 
W = 101.6 mm; t = 9.5 mm), which is quite similar to the value obtained 
here in CT specimens. Broek and Schijve [42] tested the 2024-T3 
aluminium alloy and obtained fatigue threshold values of 3.2, 2.9 and 
1.2 MPa.m0.5 for R = 0.06, 0.3 and 0.64, respectively. 

4.2.3. Evaluation of crack closure 
The crack closure phenomenon usually has a significant impact on 

FCG. Therefore it must be quantified for a better understanding of the 
results. The results in Fig. 1, namely the variation of da/dN with the 
change of stress ratio from 0.1 to 0.7, indicate the existence of crack 
closure for R = 0.1. Fig. 7 presents the variation of crack closure with ΔK, 

obtained from the CTOD plots, i.e., from the analysis of contact status of 
the first node behind the crack tip, for plane stress state. The crack 
opening level was quantified by: 

U* =
Fopen − Fmin

Fmax − Fmin
× 100, (4)  

where Fopen is the crack opening load. This parameter quantifies the 
percentage of load range during which the crack is closed. No crack 
closure was observed for plane strain state, even for R = 0.1, as illus
trated in Fig. 5. The change to plane stress state produces a significant 
increase of crack closure phenomenon, as could be expected. The stress 
triaxiality associated with the plane strain state reduces the plastic 
deformation level at the crack tip, and therefore crack closure. In plane 
stress state, it is observed a parabolic development of U* with ΔK, as can 
be seen in Fig. 7, being the concavity of the curve facing down, i.e., there 
is an increase of U* for lower crack lengths, up to a peak, where U* 
reaches 36%. For higher crack lengths, U* decreases. The increase of ΔK 
produces an increase of reversed plastic deformation, and therefore a 
decrease of crack opening level. The increase of Kmax increases mono
tonic plastic deformation and consequently of crack opening level. 

On the other hand, the increase of Kmax increases crack tip blunting, 
decreasing U*. The effect of crack tip blunting is commonly observed at 
tensile overload events, in which crack closure is drastically reduced 
and, in many tests, eliminated. Therefore, up to U*=36%, the increase of 
monotonic plastic deformation is dominant, while above 36% crack tip 
blunting and reversed plastic deformation are more relevant. 

The observation of crack closure effect on the experimental results 
(Fig. 1) indicates that, although the relatively high thickness of the 
specimen, the plane stress state observed near corner points has a sig
nificant effect on FCG rate. 

4.2.4. Multi-point modeling of fatigue crack growth 
The plastic CTOD range, Δδp, indicated in Fig. 5 quantifies the crack 

tip plastic deformation. Therefore, it is expected to be the driving force 
for FCG. Fig. 8a plots the experimental FCG rate (da/dN) versus the 
predicted Δδp, obtained for the same conditions. The increase of Δδp is 
accomplished by the increase of da/dN, as could be expected since more 
crack tip plastic deformation produces a faster crack growth. A second- 
order polynomial was fitted by regression, which is represented by the 
filled line. The corresponding analytical expression is: 

da
dN

= 0.0892Δδ2
p + 0.3707Δδp, (5)  

where the units of da/dN and Δδp are μm/cycle and μm, respectively. 
This is supposed to be a material property, which can be used to predict 
the effect of load parameters and geometry. Note that the da/dN-ΔK 

Fig. 6. ΔKelas versus plastic CTOD range, Δδp (plane strain state).  

Fig. 7. Crack closure versus ΔK (Fmin = 4.17 N; Fmax = 41.67 N; R = 0.1; plane 
stress state). 
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approach is not a material property and cannot be used for predictions. 
A linear relation could be expected between da/dN and Δδp, as was 
observed experimentally [22,24], but the slight deviation observed in 
Fig. 8a may be explained by a change of stress state not modelled 
numerically. In fact, as the crack grows, there is a trend for the plane 
stress state, while the numerical model always assumes a pure plane 
strain state. This modelling problem can only be solved with 3D realistic 
models, which are addressed for future work. 

The literature presents other models relating da/dN with nonlinear 
crack tip parameters. Pommier and Risbet [43] proposed that da/dN 
depends on total CTOD: da/dN≈α/2⋅ΔCTOD/2. The α parameter is to be 
adjusted from fractographic experiments [44] or by fitting the model to 
da/dN results. Seifi and Hosseini [45] presented da/dN-ΔJ plots for raw 
and annealed copper. da/dN was obtained experimentally while ΔJ was 
predicted numerically. Linear relations were obtained in log–log scales. 

Fig. 8b compares the behaviour of the 2024-T351 alloy with results 
for other materials obtained in previous works [18,19,46]. The dashed 
lines were added to define the upper and lower bound for all the results. 
There is a significant influence of material on da/dN-Δδp model, which 
means that for the same crack tip plastic deformation, the FCG rate 
produced greatly depends on microstructure. Vasco-Olmo et al. [24] 
studied the 2024-T3 and 7050-T6 aluminium alloys and also obtained 
distinct da/dN-Δδp models. In their study, Δδp was extracted from CTOD 
plots obtained experimentally using Digital Image Correlation (DIC). 
Regardless, some influence of errors of experimental values of da/dN 
and of the numerical predictions of Δδp may exist. Several numerical 
parameters may affect the numerical predictions, namely the number of 
load cycles between crack increments and the finite element mesh. 

4.2.5. Prediction of FCG rate for different stress states and stress ratios 
Fig. 9a shows predictions of da/dN, for plane strain and plane stress 

states, in log–log scales. A plane stress model was used to predict the 
plastic CTOD range, Δδp, which was inserted in Eq. (5) to obtain da/dN. 
A comparison was made with plane strain results and experimental re
sults. A good agreement exists between the plane strain predictions and 
the experimental results because Eq. (5) was obtained for plane strain 
conditions. The plane stress state gives lower values of da/dN mainly 
because of crack closure phenomenon. As previously said, no crack 
closure was found for the stress ratios when considering plane strain 
state. However, as can be seen in Fig. 7, the plane stress state is deeply 
affected by the crack closure, which diminishes the effective load range. 

Fig. 9b predicts the effect of stress ratio on da/dN for plane strain 
state, in logarithmic scales. As can be seen, for higher ΔK the data is 
overlapped, meaning that there is no visible influence of stress ratio on 
da/dN, due to the absence of crack closure. There is a small difference in 
values for relatively low ΔK. Indeed, in this region, it is observed, for the 
same ΔK, an increase of da/dN with R. This increase of da/dN with R is a 
well-known experimental trend. Seifi and Hosseini [45] in pure copper 
(R = 0.077; 0.2) also observed that the increase of stress ratio increases 
da/dN. 

4.2.6. Prediction of the effect of stress ratio, maintaining ΔK constant 
Another study was made to predict the effect of stress ratio on da/dN 

and crack closure, maintaining ΔK constant. Accordingly, a specific 
value of a0 was defined (a0 = 21.5 mm), and the loading parameters 
were adjusted, leading to a constant ΔK equal to 15.15 MPa⋅m0.5. Table 5 
presents the different stress ratios and load parameters defined in this 
study. As previously, all fatigue cracks propagated at minimum load, at 
every 5 load cycles, with total crack propagation equal to 1.272 mm. 

Fig. 10a shows da/dN versus R, for plane strain and plane stress 
states. The prediction of da/dN was made with equation (5). There is an 
increase of da/dN with stress ratio for both plane strain and plane stress 

Fig. 8. da/dN versus Δδp model (a) Results for the 2024-T351 aluminium alloy (R = 0.1; plane strain). (b) Comparison with other aluminium alloys.  

Fig. 9. Prediction of the effect of: (a) Stress state (R = 0.1). (b) Stress ratio (plane strain).  
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states. The transition of minimum load from compression to tension has 
a significant influence of FCG rate. In plane strain state a significant 
difference exists between negative and non-negative stress ratios. For 
positive stress ratios, there is a linear increase of da/dN with the stress 
ratio. This seems to contradict the results in Fig. 9b, where there is no 
evidence of the stress ratio effect in the range 0.1–0.7. However, it is 
noteworthy that da/dN is plotted in logarithmic scale in Fig. 9b and in 
natural scale in Fig. 10a. In fact, for positive stress ratios, da/dN only 
ranges from 0.45 to 0.63 μm. Besides, the load conditions are different. 
In Fig. 10a, a well-defined trend is observed for plane stress state. 
Anyway, for negative stress ratios, there is a slow increase of da/dN, 
while after R = 0 the rate of increase of da/dN raises. The FCG rate is 
lower in plane stress state for all stress ratios studied. 

Fig. 10b plots U* versus R. As expected, U* decreases with R in both 
stress states, being U* in the range [0–50%] in plane strain, and in the 
range [4–65%] in plane stress. There is a sudden decrease of U* from 
R = − 0.6 to R = − 0.33, in plane strain state. However, the sudden 
increase of da/dN was observed from R = − 0.33 to R = 0. For tensile 
stress ratios, no crack closure was found in plane strain state, being in 
accordance with section 4.2.3. For plane stress state, the rate of decrease 
of U* is higher in tensile loading. Even for R = 0.71, which is a high 
stress ratio, there is some crack closure. This is relevant because it in
dicates that the usual assumption that there is no crack closure at rela
tively high stress ratios may be erroneous and may lead to incorrect 
conclusions. 

5. Linking plastic CTOD and the accumulated plastic strain 

In addition to CTOD, different parameters have been proposed to 
quantify plastic deformation at the crack tip, namely, the dissipated 
energy, the size of the reverse plastic zone, the ratcheting strain and 
plastic deformation ahead of the crack tip. In this section, the link be
tween the plastic CTOD range, Δδp, and the accumulated plastic strain, 
Δεp is established. This is relevant since the CTOD may be obtained 
experimentally through different full-field techniques [47]. Surface 
displacement information can be acquired via DIC [48,49]. Bulk 

information can also be obtained through X-ray tomography [50,51]. 
The strain developed at the crack tip can also be measured by means of 
synchrotron X-ray diffraction [52]. Nevertheless, it is not possible to 
achieve a great through thickness resolution for strain measurement 
[53,54]. However, access to such synchrotron facilities is very limited. 
From an engineering design point of view, obtaining the crack tip strain 
measurement without the need to access synchrotron research centres 
would be greatly advantageous. Accordingly, this section aims at 
establishing the relationship between the plastic CTOD range, Δδp, and 
the crack tip plastic strain. In this way, simple laboratory techniques 
such as DIC can be used in combination with the current numerical 
approach to estimate the crack tip strain. 

The difficulty of the numerical measurement of the equivalent plastic 
strain at the crack tip [55,56], due to the singularity of the crack, was 
overcome by measuring the equivalent plastic strain at two Gauss points 
located around the crack tip (immediately behind and ahead), and then 
take the average. Fig. 11a and 11b show the development of the plastic 
CTOD, δp, and the equivalent plastic strain at the crack tip, εp, respec
tively, for a load cycle. There is a perfect match between the transition of 
regimes (elastic and elastic–plastic regime), i.e., at the elastic regimes 
(stretches A-B and C-D), εp remains constant, as expected, and so does δp. 
Thus, points A-E presented in Fig. 11a, and 11b occur at the same 
pseudo-time. The only difference occurs at the discharge of the spec
imen. Obviously, even during discharging, εp increases. In the case of δp, 
since CTOD generates a loop for every load cycle, there is a decrease 
during unloading. 

Therefore, a very interesting link is observed between what is 
happening at the crack tip (εp) and behind the tip. This is very relevant 
because it indicates that different nonlinear crack tip parameters are 
different faces of the same coin and may be used to unify the approaches 
followed by different authors. Also, Fig. 11a and b show the extraction of 
Δδp and Δεp, respectively. In this section, all values of Δδp and Δεp were 
calculated from plots corresponding to the last load cycle, at which 
occurs the last crack propagation. Of course, the extraction of these 
parameters can be made for any load cycle. 

The procedure described above was performed for the simulations 
discussed in the previous sections. Fig. 12 shows the evolution of Δδp 
versus Δεp for the stress ratios R = 0.1 to 0.7, for different crack lengths 
and stress states. There is a well-defined relation between both nonlinear 
parameters, which indicates that both can be used to characterise crack 
tip plastic deformation. Quadratic polynomials were fitted, but the 
variation is almost linear, particularly for the lowest values of plastic 
deformation. The relation between Δδp and Δεp is independent of the 
stress ratio variable. However, there is some influence of stress state, 
which increases with plastic deformation level. This means that for the 
same value of Δεp, two values of Δδp are obtained depending on the stress 
state. 

Another study was made to link Δδp and Δεp when a single tensile 

Table 5 
Stress ratios and load parameters.  

R Fmin [N] Fmax [N] 

− 1 − 20 20 
− 0.6 − 15 25 
− 0.33 − 10 30 
0 0 40 
0.20 10 50 
0.43 30 70 
0.55 50 90 
0.63 70 110 
0.71 100 140  

Fig. 10. Prediction of the effect of R on: (a) FCG rate. (b) Crack closure (ΔK = 15.15 MPa⋅m0.5).  
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overload (OL) is applied. This study was conducted in the same geom
etry as the previous sections (see Fig. 4). The load was applied at the top 
of the hole of the specimen, with baseline loads Fmax and Fmin equal to 
41.67 N and 4.17 N, respectively, leading to R = 0.1, as presented in 
Table 3. The initial crack size, a0, was 16.5 mm. The crack size at which 
the overload was applied, a0L, was 16.74 mm, with a peak load, FOL, 
equal to 60.42 N, leading to an overload ratio, OLR, of 1.50. The over
load ratio was defined as: 

OLR =
FOL − Fmin

Fmax − Fmin
, (6) 

In contrast with the crack growth criterion previously studied, at 
which crack propagation occurred at every 5 load cycles, in this novel 
study, another crack growth criterion is adopted, based on the accu
mulated plastic strain, Δεp. This crack growth criterion called Total 
Plastic Strain (TPS) is based on the assumption that the damage accu
mulation controls FCG [26]. Accordingly, the crack propagation, i.e., the 
crack tip node release, occurs when Δεp reaches a critical value [25]. The 
calibration of the critical value for the 2024-T351 was made in a pre
vious work [25], where it was obtained Δεp

c = 0.83, comparing exper
imental da/dN and numerical predictions. As previously, to avoid 
convergence problems, the crack propagated at minimum load. 

In Fig. 13 is plotted the development of Δδp versus Δεp with the 
application of the tensile overload, in a plane stress state. Before the 
overload, Δδp and Δεp assume the values of the constant amplitude cases. 
When the overload is applied, a sudden increase of Δδp and Δεp takes 
place, as expected, since the material has not experienced such high 
loads. After the overload, there is a decrease of Δδp and Δεp, where the 

first crack propagations still show higher values of Δδp and Δεp. This 
decrease continues until reaching a minimum value. After that, Δδp and 
Δεp tend to recover the values observed before the overload. The evo
lution of these nonlinear parameters with a single tensile overload is 
similar to the behaviour typically obtained when plotting da/dN in 
function of the crack growth. There is an increase of da/dN up to a 
maximum followed by a decrease to a minimum value, after some crack 
propagation. After the minimum, da/dN consistently tends to the rates 
exhibited before the overload. Thus, in Fig. 13, as in Fig. 12, a linear 
relation is observed between Δδp and Δεp for relatively low values of 
these parameters, meaning that the link between Δδp and Δεp is not 
changed by the application of a single tensile overload. The maximum 
value, corresponding to the overload cycle, deviates significantly from 
the linear trend, as was also observed in Fig. 12. 

6. Conclusions 

FCG in the 2024-T351 aluminium alloy is studied using nonlinear 
parameters. Experimental tests were performed on 12 mm thick CT 
specimens in order to obtain FCG rate. The increase of stress ratio from 
R = 0.1 to R = 0.7 produced an increase of FCG rate, which indicated the 
existence of crack closure phenomenon. 

A numerical analysis replicated the experimental work in terms of 
material, geometry and loading conditions but assuming pure plane 
strain state. The material parameters were fitted using stress–strain 
loops obtained in cylindrical specimens. The CTOD was measured at the 
first node behind the crack tip, at a distance of 8 μm, in order to obtain 

Fig. 11. Extraction of non-linear parameters: (a) Δδp. (b) Δεp (R = 0.1; a = 27.772 mm ΔK = 19.42 MPa⋅m0.5; plane strain).  

Fig. 12. Comparison of Δδp and Δεp for different stress ratios, crack lengths 
and stress states. 

Fig. 13. Effect of a single tensile overload on Δδp vs. Δεp (Fmax = 41.67 N; 
Fmin = 4.17 N; FOL = 60.42 N; OLR = 1.50; aOL = 16.74 mm; 
ΔKBL = 10.3 MPa⋅m0.5; plane stress). 
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the plastic CTOD range, Δδp. The analysis of the contact status of the first 
node behind the crack tip was used to predict the crack closure level. For 
R = 0.1 there is no crack closure under plane strain state, while a 
maximum value U*=36% was found for plane stress state. Since 
experimentally there is an effect of stress ratio, it seems that the crack 
closure near corner points of the crack front is affecting FCG rate, 
although the relatively high thickness of the CT specimens (12 mm). The 
linear regime of CTOD was used to predict effective fatigue threshold in 
vacuum: ΔKth,eff = 3.46 MPa⋅m0.5. A ratio of about 2 was found between 
the numerical prediction of fatigue threshold and the effective value 
obtained experimentally. 

A nearly linear relation was found between da/dN and Δδp, but a 
second-order polynomial was proposed for a better fit. The comparison 
with other aluminium alloys showed that there is a significant influence 
of material on da/dN-Δδp model, which means that for the same crack tip 
plastic deformation, the FCG rate produced greatly depends on micro
structure. The da/dN-Δδp was used to predict the effect of stress state and 
stress ratio. The change from plane stress to plane strain state increased 
FCG rate once again due to crack closure. Under plane strain state, there 
is a minor influence of stress ratio in the range R = 0.1–0.7, because 
there is no crack closure. As mentioned, this contradicts the experi
mental results and indicates the relevance of plane stress behaviour. The 
extension to negative stress ratios produced significant changes. 

Finally, a comparison was made between plastic CTOD and plastic 
strain at the crack tip. A well-defined relation was found, independent of 
stress ratio, showing that both parameters can be used to quantify the 
crack tip deformation. The relation is nearly linear for relatively low 
values of the parameters. However, some deviation from linearity was 
observed at high plastic deformation levels, and some influence of stress 
state was found. 
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