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Problem definition: introduction

• Animals with flapping wings or fins to 
propel have a cruising velocity which 
oscillates around a mean value

• Experimental studies: focused on 
dynamic stall

• Formulation of thrust of a heaving and 
pitching airfoil under an oscillating 
airstream

• Generalization of lift from Greenberg [1]



Problem definition: motion

• Non-dimensional formulation, scaled with 𝑈𝑈𝑠𝑠, 𝑐𝑐/2

• Oscillation of the airfoil:

ℎ 𝑡𝑡 = ℎ0ℜ 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 , 𝛼𝛼 𝑡𝑡 = 𝛼𝛼𝑠𝑠 + 𝛼𝛼0ℜ 𝑒𝑒𝑖𝑖 𝑘𝑘𝑘𝑘+𝜙𝜙

• Oscillating airstream: 𝑈𝑈 𝑡𝑡 = 1 + 𝜎𝜎𝜎 𝑒𝑒𝑖𝑖 𝑘𝑘1𝑡𝑡+𝜙𝜙1

• Reduced frequencies: 𝑘𝑘 = 𝜔𝜔𝜔𝜔
2𝑈𝑈𝑠𝑠

and 𝑘𝑘1 = 𝜔𝜔1𝑐𝑐
2𝑈𝑈𝑠𝑠

• Vertical displacement: 𝑧𝑧𝑠𝑠 𝑥𝑥, 𝑡𝑡 = ℎ 𝑡𝑡 − 𝑥𝑥 − 𝑎𝑎 𝛼𝛼 𝑡𝑡

• Vertical velocity: 𝑣𝑣0 𝑥𝑥, 𝑡𝑡 = −𝑈𝑈 𝑡𝑡 𝛼𝛼 𝑡𝑡 + ℎ̇ 𝑡𝑡 − 𝑥𝑥 − 𝑎𝑎 𝛼̇𝛼 𝑡𝑡



Formulation: vortical impulse theory

• Aerodynamic forces defined by the vortical impulse theory:
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Formulation: vorticity

• Contribution from the vortex-sheet wave separated:

𝜛𝜛𝑠𝑠 𝑥𝑥, 𝑡𝑡 = 𝜛𝜛0 𝑥𝑥, 𝑡𝑡 + 𝜛𝜛1 𝑥𝑥, 𝑡𝑡 , Γ0 𝑡𝑡 = �
−1

1
𝜛𝜛0 𝑥𝑥, 𝑡𝑡 𝑑𝑑𝑑𝑑

• Wake convected downstream:

𝜛𝜛𝑒𝑒 𝜉𝜉, 𝑡𝑡 = 𝜛𝜛𝑒𝑒 𝑋𝑋 , 𝑧𝑧𝑒𝑒 𝜉𝜉, 𝑡𝑡 = 𝑧𝑧𝑒𝑒 𝑋𝑋 , 𝑋𝑋 = 𝜉𝜉 − �
𝑡𝑡𝑖𝑖
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• For any function 𝑓𝑓 𝜉𝜉 satisfying 𝑓𝑓 1 = 0 (valid for the present case 
where 𝑈𝑈 depends on time):
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Formulation: aerodynamic forces

• Lift force: 𝐶𝐶𝐿𝐿 = 𝐶𝐶𝐿𝐿𝐿 + 𝐶𝐶𝐿𝐿𝐿 + 𝐶𝐶𝐿𝐿𝐿

𝐶𝐶𝐿𝐿𝐿 = 𝑈𝑈Γ0,𝐶𝐶𝐿𝐿𝐿 = 𝜋𝜋 𝑈̇𝑈𝛼𝛼 + 𝑈𝑈𝛼̇𝛼 − ℎ̈ − 𝑎𝑎𝛼̈𝛼 ,𝐶𝐶𝐿𝐿𝐿 = 𝑈𝑈�
1

∞ 𝜛𝜛𝑒𝑒 𝜉𝜉, 𝑡𝑡
𝜉𝜉2 − 1

𝑑𝑑𝑑𝑑

• Moment: 𝐶𝐶𝑀𝑀 = 𝐶𝐶𝑀𝑀𝑀 + 𝐶𝐶𝑀𝑀𝑀 + 𝐶𝐶𝑀𝑀𝑀 + 𝑎𝑎
2
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2
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16

, 𝐶𝐶𝑀𝑀𝑀 = −
1
4
𝐶𝐶𝐿𝐿𝐿

• Thrust: 𝐶𝐶𝑇𝑇 = −𝛼𝛼𝐶𝐶𝐿𝐿 + 𝐶𝐶𝑇𝑇𝑇 + 𝐶𝐶𝑇𝑇𝑇

𝐶𝐶𝑇𝑇𝑇 = 𝜋𝜋𝛼̇𝛼 ℎ̇ + 𝑎𝑎𝛼̇𝛼 − 𝑈𝑈𝑈𝑈 ,𝐶𝐶𝑇𝑇𝑇 = �
1

∞
ℎ̇ + 𝑎𝑎𝛼̇𝛼 − 𝛼𝛼𝛼𝛼 + 𝛼̇𝛼 𝜉𝜉2 − 1 − 𝜉𝜉 𝜛𝜛𝑒𝑒𝑑𝑑𝑑𝑑



Harmonic motion: Circulation

• Circulation

Γ0 = 2𝜋𝜋𝜋 𝛼𝛼𝑠𝑠 + −𝑖𝑖𝑖𝑖ℎ0 + 𝛼𝛼0𝑒𝑒𝑖𝑖𝑖𝑖 − 𝑎𝑎 −
1
2

𝑖𝑖𝑖𝑖𝛼𝛼0𝑒𝑒𝑖𝑖𝑖𝑖 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 + 𝛼𝛼𝑠𝑠𝜎𝜎𝑒𝑒𝑖𝑖 𝜙𝜙1+𝑘𝑘1𝑡𝑡 +
1
2
𝛼𝛼0𝜎𝜎 𝑒𝑒𝑖𝑖 𝜙𝜙2+𝑘𝑘2𝑡𝑡 + 𝑒𝑒𝑖𝑖 𝜙𝜙3+𝑘𝑘3𝑡𝑡

• Wake vorticity, depends on

𝑋𝑋 = 𝜉𝜉 − �
𝑡𝑡𝑖𝑖

𝑡𝑡
𝑈𝑈 𝑡𝑡 𝑑𝑑𝑑𝑑 = 𝜉𝜉 − 𝑡𝑡 −

𝜎𝜎
𝑘𝑘1

sin 𝑘𝑘1𝑡𝑡 + 𝜙𝜙1

• Following Greenberg [1] we assume   
𝜎𝜎
𝑘𝑘1

= 2𝑈𝑈𝜎𝜎
𝜔𝜔1𝑐𝑐

≡ 𝑘𝑘𝜎𝜎−1 ≪ 1

• Wake vorticity
𝜛𝜛𝑒𝑒 𝜉𝜉, 𝑡𝑡 = −2𝜋𝜋𝛼𝛼𝑠𝑠𝛿𝛿 𝜉𝜉 − ∞ + 𝑔𝑔𝑒𝑒𝑖𝑖𝑖𝑖 𝑡𝑡−𝜉𝜉 + 𝑔𝑔𝑒𝑒𝑖𝑖𝑘𝑘1 𝑡𝑡−𝜉𝜉 + 𝑔𝑔𝑒𝑒𝑖𝑖𝑘𝑘2 𝑡𝑡−𝜉𝜉 + 𝑔𝑔𝑒𝑒𝑖𝑖𝑘𝑘3 𝑡𝑡−𝜉𝜉



Harmonic motion: forces

• Lift:
𝐶𝐶𝐿𝐿 𝑡𝑡 = 𝜋𝜋 𝑈̇𝑈𝛼𝛼 + 𝑈𝑈𝛼̇𝛼 − ℎ̈ − 𝑎𝑎𝛼̈𝛼 + 2𝜋𝜋𝛼𝛼𝑠𝑠 + 𝑈𝑈𝑈 𝐺𝐺0𝒞𝒞 𝑘𝑘 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 + 𝐺𝐺01𝒞𝒞 𝑘𝑘1 𝑒𝑒𝑖𝑖𝑘𝑘1𝑡𝑡 + 𝐺𝐺02𝒞𝒞 𝑘𝑘2 𝑒𝑒𝑖𝑖𝑘𝑘2𝑡𝑡 + 𝐺𝐺0𝒞𝒞 𝑘𝑘3 𝑒𝑒𝑖𝑖𝑘𝑘3𝑡𝑡

• Moment
𝐶𝐶𝑀𝑀 𝑡𝑡 =

𝜋𝜋
2
𝑎𝑎𝑈̇𝑈𝛼𝛼 + 𝑎𝑎 −

1
2

𝑈𝑈𝛼̇𝛼 −
1
8

+ 𝑎𝑎2 𝛼̈𝛼 − 𝑎𝑎ℎ̈ + 𝜋𝜋 𝑎𝑎 +
1
2

𝑈𝑈𝛼𝛼𝑠𝑠

+ 𝑎𝑎 +
1
2

𝑈𝑈
2
ℜ 𝐺𝐺0𝒞𝒞 𝑘𝑘 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 + 𝐺𝐺01𝒞𝒞 𝑘𝑘1 𝑒𝑒𝑖𝑖𝑘𝑘1𝑡𝑡 + 𝐺𝐺02𝒞𝒞 𝑘𝑘2 𝑒𝑒𝑖𝑖𝑘𝑘2𝑡𝑡 + 𝐺𝐺0𝒞𝒞 𝑘𝑘3 𝑒𝑒𝑖𝑖𝑘𝑘3𝑡𝑡

• Thrust
𝐶𝐶𝑇𝑇 = −𝛼𝛼𝐶𝐶𝐿𝐿 + 𝜋𝜋𝛼̇𝛼 ℎ̇ + 𝑎𝑎𝛼̇𝛼 − 𝑈𝑈𝑈𝑈 − ℎ̇ + 𝑎𝑎𝛼̇𝛼 − 𝑈𝑈𝑈𝑈 2𝜋𝜋𝛼𝛼𝑠𝑠

− ℎ̇ + 𝑎𝑎𝛼̇𝛼 − 𝑈𝑈𝑈𝑈 ℜ
2𝑖𝑖
𝜋𝜋
𝐺𝐺0𝒞𝒞1 𝑘𝑘 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 +

2𝑖𝑖
𝜋𝜋
𝐺𝐺01𝒞𝒞1 𝑘𝑘1 𝑒𝑒𝑖𝑖𝑘𝑘1𝑡𝑡 +

2𝑖𝑖
𝜋𝜋
𝐺𝐺02𝒞𝒞1 𝑘𝑘2 𝑒𝑒𝑖𝑖𝑘𝑘2𝑡𝑡 +

2𝑖𝑖
𝜋𝜋
𝐺𝐺03𝒞𝒞1 𝑘𝑘3 𝑒𝑒𝑖𝑖𝑘𝑘3𝑡𝑡

− 𝛼̇𝛼ℜ �𝐺𝐺0 −
2
𝜋𝜋𝜋𝜋

1 + 𝑖𝑖𝑖𝑖 𝒞𝒞1 𝑘𝑘 −
𝑖𝑖
𝑘𝑘
𝒞𝒞 𝑘𝑘 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 + 𝐺𝐺01 −

2
𝜋𝜋𝑘𝑘1

1 + 𝑖𝑖𝑘𝑘1 𝒞𝒞1 𝑘𝑘1 −
𝑖𝑖
𝑘𝑘1
𝒞𝒞 𝑘𝑘1 𝑒𝑒𝑖𝑖𝑘𝑘1𝑡𝑡



Harmonic motion: average coefficients

• Lift:

𝐶̅𝐶𝐿𝐿 = 𝛼𝛼𝑠𝑠 2𝜋𝜋 +
𝜎𝜎2ℱ 𝑘𝑘1

2

• Moment:

𝐶̅𝐶𝑀𝑀 =
𝛼𝛼𝑠𝑠
2 𝑎𝑎 +

1
2 2𝜋𝜋 +

𝜎𝜎2ℱ 𝑘𝑘1
2

• Thrust

𝐶̅𝐶𝑇𝑇 = −2 𝑘𝑘ℎ0 2𝒢𝒢1 𝑘𝑘 + 𝑘𝑘ℎ0𝛼𝛼0 −2ℱ1 𝑘𝑘 cos 𝜙𝜙 + 𝑘𝑘𝒢𝒢1 𝑘𝑘 cos 𝜙𝜙 3 − 4𝑎𝑎 + 2𝒢𝒢1 𝑘𝑘 sin 𝜙𝜙 − 𝑘𝑘ℱ1 𝑘𝑘 sin 𝜙𝜙

+𝛼𝛼02 2𝑘𝑘ℱ1 𝑘𝑘 1 − 𝑎𝑎 + 2𝑘𝑘2𝒢𝒢1 𝑘𝑘 1 − 𝑎𝑎 𝑎𝑎 −
1
2 − 𝜎𝜎𝛼𝛼𝑠𝑠 2 𝜋𝜋𝜋 𝑘𝑘1 + 2𝒢𝒢1 𝑘𝑘1

− 𝜎𝜎𝛼𝛼0 2 𝜋𝜋𝜋 𝑘𝑘2 + 2𝒢𝒢1 𝑘𝑘2 + 𝜋𝜋𝜋 𝑘𝑘3 + 2𝒢𝒢1 𝑘𝑘3



Particular cases 

• Case 𝑘𝑘 = 𝑘𝑘1: 𝑘𝑘3 = 0, new constant term in the circulation Γ0

• Case 𝑘𝑘 = 2𝑘𝑘1: new constant terms for all force coefficients

• Case 2𝑘𝑘 = 𝑘𝑘1: new constant terms for the thrust coefficient

• Case 𝑘𝑘 = 0: 

𝐶𝐶𝐿𝐿 = 2𝜋𝜋𝛼𝛼𝑠𝑠 + 𝜋𝜋𝜎𝜎2𝛼𝛼𝑠𝑠𝐹𝐹 𝑘𝑘 + 𝜋𝜋𝜋𝜋𝛼𝛼𝑠𝑠 2 1 + 𝐹𝐹 𝑘𝑘1 cos 𝑘𝑘1𝑡𝑡 − 𝑘𝑘 + 2𝐺𝐺 𝑘𝑘1 sin 𝑘𝑘1𝑡𝑡
+𝜋𝜋𝜎𝜎2𝛼𝛼𝑠𝑠 𝐹𝐹 𝑘𝑘1 cos 2𝑘𝑘1𝑡𝑡 − 𝐺𝐺 𝑘𝑘1 sin 2𝑘𝑘1𝑡𝑡

𝐶𝐶𝑇𝑇 = −𝜎𝜎2𝛼𝛼𝑠𝑠2 2𝐺𝐺1 𝑘𝑘1 + 𝜋𝜋𝜋𝜋 𝑘𝑘1
+𝜎𝜎𝛼𝛼𝑠𝑠2 −4𝐺𝐺1 𝑘𝑘1 − 2𝜋𝜋𝜋𝜋 𝑘𝑘1 cos 𝑘𝑘1𝑡𝑡 + 𝜋𝜋𝜋𝜋 + 2𝜋𝜋𝜋𝜋 𝑘𝑘1 − 4𝐹𝐹1 𝑘𝑘1 sin 𝑘𝑘1𝑡𝑡
+ 𝜎𝜎2𝛼𝛼𝑠𝑠2 −2𝐺𝐺1 𝑘𝑘1 − 𝜋𝜋𝜋𝜋 𝑘𝑘1 cos 2𝑘𝑘1𝑡𝑡 + 𝜋𝜋𝜋𝜋 𝑘𝑘1 − 2𝐹𝐹1 𝑘𝑘1 sin 2𝑘𝑘1𝑡𝑡



Validation approach

• Comparison with experimental results 
from the literature

• Problem: considering friction drag

• Different cases: 

• 𝑘𝑘 = 0 (Granlund, [4])

• Pitching

• Heaving

• Comparison with numerical studies



Summary

• Description of the forces obtained

• Generalization of Greenberg [1]

• Obtention of thrust of an airfoil in a pulsating flow

• Small effects on average values

• Considerable effects on the oscillations

• Validation with experimental and numerical results
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Thank you for your attention

Follow our works and advances:

• Fluid Mechanics Lab, Malaga: www.fluidmal.uma.es

• GRIFFIN Advanced Grant: www.griffin-erc-advanced-grant.eu

• GRVC Robotic Lab, Seville: www.grvc.us.es

For additional questions or comments, please address to:

• ernesto.slaulhe@uma.es
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