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k,"−1Ỹk,"}



Nθ θk,"

SNRk

θk," ≈
Nθ

|Xk,"Gk|

σ2
k

σ2
θk

≈ σ2
k

2Sxk|Gk|2
=

1

2SNRk

Sxk k SNRk

k

σ2
∆̂Ω

≈ N2

4π2k2(N + E)2SNRk



ρ

!{ }Yℜ

{ }ℑ

θk,!

E

E

E



Φ

Yk," = Xk,"e
j 2πkΦ

N + Nk,"

X̂k," Xk,"

E[Yk,"X̂
∗
k,"] ≈ E[|Xk,"|2]ej 2πkΦ

N

k

Φ̂[#] =
N

2πk

#{Yk,"X̂∗
k,"}

'{Yk,"X̂∗
k,"}

σ2
Φ̂
≈ N2

8π2k2SNRk

< U >

Φ̂MMSE[#] =
N

2π
∑

k=<U> k2SNRk

∑

k=<U>

kSNRk#{Yk,"X̂∗
k,"}

'{Yk,"X̂∗
k,"}

σ2
Φ̂
≈ N2

8π2
∑

k=<U> k2SNRk



Φ̂ML[#] =
N

2π

∑
k=<U> k#{Yk,"X̂∗

k,"}/σ2
k∑

k=<U> k2'{Yk,"X̂∗
k,"}/σ2

k

Re{Yk,"X∗
k,"} ≈ E[|Xk,"|]2

Φ̂ML−simp[#] =
N

2π

∑
k=<U> k#{Yk,"X̂∗

k,"}/σ2
k∑

k=<U> k2SNRk

N = 512



10 15 20 25 30 35 40 45 50 55 60
-100

-90

-80

-70

-60

-50

-40

SNR (dB)

E
rr

or
 c

u
ad

ra
ti
co

 m
ed

io
 (

d
B

)

MMSE

ML

ML-simp

CRLB

10log(σ2
Φ)

HFL(z) =
α + βz−1

1 − z−1

α β



∆Ω





Yk," = Xk,"e
j
2πkΦ["]

N + Nk,"

Yk," k # Xk,"

Nk," Φ[#]

< U >

Λ(Xk,", Yk,",Φ[#]) =
∑

k=<U>

|Yk," − Xk,"e
j
2πkΦ["]

N |2

σ2
k

σ2
k k

Φ

Λ(Xk,", Yk,",Φ[#]) =
∑

k=<U>

2'{Yk,"X∗
k,"e

−j
2πkΦ["]

N }
σ2

k

Φ

∂Λ(Xk,", Yk,",Φ[#])

∂Φ[#]
=

∑

k=<U>

4πk
N {−'{Yk,"X∗

k,"}sen(2πkΦ["]
N ) + #{Yk,"X∗

k,"}cos(
2πkΦ["]

N )}
σ2

k

= 0

Φ

∂Λ(Xk,", Yk,",Φ[#])

∂Φ[#]
≈

∑

k=<U>

−2'{Yk,"X∗
k,"}

4π2k2Φ["]
N2 + 2#{Yk,"X∗

k,"}2πk
N

σ2
k

= 0

Φ



Φ̂[#] =
N

2π

∑
k=<U> k#{Yk,"X∗

k,"}/σ2
k∑

k=<U> k2'{Yk,"X∗
k,"}/σ2

k

Xk," X̂k,"

Φ

∂2Λ(Xk,", Yk,",Φ[#])

∂Φ[#]2
=

∑

k=<U>

2(2πk
N )2{−'{Yk,"X∗

k,"}cos(
2πkΦ["]

N ) −#{Yk,"X∗
k,"}sen(2πkΦ["]

N )}
σ2

k

E['{Yk,"X
∗
k,"}] = E[|Xk,"|2]cos(2πkΦ["]

N )

E[#{Yk,"X
∗
k,"}] = E[|Xk,"|2]sin(2πkΦ["]

N )

E[−∂2Λ(Xk,", Yk,",Φ[#])

∂Φ[#]2
] =

∑

k=<U>

2E[|Xk,"|2](2πk
N )2{cos2(2πkΦ["]

N ) + sen2(2πkΦ["]
N )}

σ2
k

=

∑

k=<U>

2E[|Xk,"|2](2πk
N )2

σ2
k

=
8π2

N2

∑

k=<U>

k2SNRk

σ2
Φ ≥ 1

E[−∂2Λ(Xk,",Yk,",Φ["])
∂Φ["]2 ]

=
N2

8π2
∑

k=<U> k2SNRk





r(t) r[n]

∆Ω[n] TM [n]

r(t)

TM

∆Ω[n]

r[n]



∆Ω

∆Ω



rs[n] rs(t)

TM rs(t)
h(t) r(t)

r(t)

T ′
M [n] r[n]

fM

fM/2

r[n]
rs[n]



rs[n]

r[n]

T ′
M [n] TM

n ∆Ω[n]

n

f ′
M [n]

∆Ω[n] =
fM − f ′

M [n]

f ′
M [n]

=
T ′

M [n] − TM

TM

∆Ω[n]
TM

TM T ′
M [n]

tn
rs[n]

t′n r(t)
r[n]

TM t0 = 0

tn

tn = tn−1 + TM = nTM

T ′
M [n] t′n

t′n = t′n−1 + T ′
M [n]



Φ Φ Φ Φ

Φ[n]

tn t′n
TM Φ[n]

Φ[n] =
t′n − tn

TM
=

t′n − nTM

TM

Φ[n]

Φ[n] =
t′n − tn

TM
=

(t′n−1 + T ′
M [n]) − (tn−1 + TM)

TM
= Φ[n − 1] +∆Ω[n]

fM f ′
M

∆Ω[n]

Φ[n]
fM f ′

M

TM T ′
M ∆Ω[n] Φ[n]



rs[n]

tn rs(t)

rs(t) =
∞∑

i=−∞

rs[i]δ(t − ti) =
∞∑

i=−∞

rs[i]δ(t − iTM)

h(t) r(t)

r(t) =
∞∑

i=−∞

rs[i]h(t − iTM)

r[n]

t′n

r[n] = r(t′n) =
∞∑

i=−∞

rs[i]h(t′n − iTM)

t′n j = n−i

r[n] =
∞∑

i=−∞

rs[i]h((n + Φ[n] − i)TM) =
∞∑

j=−∞

rs[n − j]h((j + Φ[n])TM)

Φ[n]
n

hd[n, j]

r[n] =
∞∑

j=−∞

rs[n − j]hd[n, j]

hd[n, j]

hd[n, j] = h((j + Φ[n])TM)

Φ[n]



TM

r[n]

Φ[n] Φe[n] Φf [n]

Φe[n] = )Φ[n]*
Φf [n] = Φ[n] − Φe[n]

)x*

0 ≤ Φf [n] < 1

r[n]

r[n] =
∞∑

j=−∞

rs[n − j]h((j + Φe[n] + Φf [n])TM)

k = j + Φe[n]

r[n] =
∞∑

k=−∞

rs[n + Φe[n] − k]h((k + Φf [n])TM)

r[n]

rs[n] Φe[n]

Φf [n]

TM



h(t)

(M + 1)TM

n Φe[n]

Φf [n] ∆Ω[n]

Φ[n]
∆Ω[n] n Φe[n] Φf [n]

Φ[n]

Φe[n] rs[n]

n

Φe[n]



Φ[n]

n

Φe[n]

Φe[n] n Φe[n]

rs[n]

n

Φe[n]

rs[n + Φe[n] − k]

rs[n + Φe[n]]

k Φe[n]

Φe[n] rs[n]

rs[n +Φe[n]− k]
rs,k[n] n

rs[n]

f ′
M [n] fM

f ′
M [n] fM



hd[n, k] rs,k[n]

hd[n, k] = h((k + Φf [n])TM)

n

hµ[k] = h((k + µ)TM)

µ n Φf [n]

n

h(t) fM µ

fM/2

µ −µ



µ

µ

t′n0

tn0+k tn0

t′n0

tn0 t′n0

µ

t′n0

t′n0

hµ[k]

h(t)

h(t)

µ



µT

r(t)

t

r [n +1] r [n +2]

r [n -1]

t t t t

t'

r[n ]

r [n ]

t′n0 tn0+n

h(t)

TMM/2
TMM

h(t)

h(t) = sinc

(
fM

(
t − MTM

2

))
w(t)

w(t)

w(t) =

{
1 si 0 ! t < MTM

0 resto

hµ[k] = sinc

(
k + µ − M

2

)
w[k]

w[k]

w[k] =

{
1 si 0 ! k < M

0 resto

µ

h(t)

µ

h(t)
µ = 0

fM/2
M/2



0 1 2 3 4 5 6 7 8

-0.2

0

0.2

0.4

0.6

0.8

1

 muestras

 a
m

p
li
tu

d
 

h
0
[n]

h(t)

0 1 2 3 4 5 6 7

-0.2

0

0.2

0.4

0.6

0.8

1

 muestras

 a
m

p
li
tu

d
 

h
0.25

[n]

h(t)

0 1 2 3 4 5 6 7

-0.2

0

0.2

0.4

0.6

0.8

1

 muestras

 a
m

p
li
tu

d
 

h
0.5
[n]

h(t)

0 1 2 3 4 5 6 7

-0.2

0

0.2

0.4

0.6

0.8

1

 muestras

 a
m

p
li
tu

d
 
h
0.75

[n]

h(t)

M = 8 µ = 0 µ
µ µ

M/2 − µ

h(t)

fM

µ

h(t)



0 0.1 0.2 0.3 0.4 0.5
0

0.2

0.4

0.6

0.8

1

1.2

 frecuencia ( x  f
m

 ) 

 m
ó
d
u
lo

 

(µ = 0)

(µ = 0.25 y 0.75)

(µ = 0.5)

0 0.1 0.2 0.3 0.4 0.5
0

1

2

3

4

5

6

7

 frecuencia ( x  f
m

 ) 

 r
et

ar
d
o 

(m
u
es

tr
as

) 

(µ = 0)

(µ = 0.25)

(µ = 0.5)

(µ = 0.75)

M = 8

rs[n]

fM/2
L



H(ω)

ω

H(Ω)

Ωπ-π

-π

H(Ω)

π Ω

(a)

(b)

(c)

ω /2

2π-2π

fM µ
fM

µ

r(t)

rs[m] LfM

L

r[m] L

r[n]



Convertidor de 

frecuencia de 

muestreo 
↓L

Convertidor

A/D

T /L
∆Ω[m]

r(t) r [m]

Oscilador fijo

r[m] r[n]

rs,k[m]

Φf [n]

Φf [m] Φ′
f [n]

Φe[m] L− 1 L

∆Φe[n]

∆Φe[n] = Φe[nL] − Φe[(n − 1)L] = Φ′
e[n] − Φ′

e[n − 1]

Φe[m] L

rs[m] Φ′
e[n]

L

L−1 L



Φe[n] ∆Φe[n]
{−1, 0, 1} L

1

L +∆Φe[n]

Φe[m] Φf [m] L

Φf [m]

Φe[m] ∆Φe[n]

∆Ω[m]
∆Ω′[n]

Φ′[n] = Φ′[n − 1] + L∆Ω′[n]

L L

m n

∆Ω[n]

k hµ[k]

n µ



↓

↓

↓

'

'

↓

n



↓(



µ

n

µ[n]
[0, 1) µ P

l ∈ {0, ..., P − 1}
µ l

µ̂l

l µ

l = )µP *

µ̂l

µ̂l =
2l + 1

2P

l
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