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A B S T R A C T

Local Electricity Markets (LEMs) arise as new layers of current market designs, enabling local trading of
flexibility products. In many cases, LEMs encompass several networks, involving different Distribution System
Operators (DSOs). This setting raises intrinsic concerns regarding the information privacy of the involved DSOs
while trying to achieve system-wide efficiency. In this paper, a market design for the trading of flexibility
products in inter-DSO LEMs is proposed where the DSOs are allowed to trade among the areas under the
coordination of a Local Market Operator (LMO). A coordinated and decentralized approach based on the
Alternating Direction Multiplier Method is proposed. The novel aspect of this work is that each DSO self-
schedules its own assets in response to market signals (optimal dual variables) to fulfil the flexibility requests
from itself or from other DSOs. An illustrative case study based on the IEEE 123 bus test systems is used for
testing the proposed framework.
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Nomenclature

Parameters are in upper case letter and
variables in lower case
letter. |𝛺| denotes the cardinality of set 𝛺.

Acronyms

ADMM Alternating Direction Method of Multipliers
BESS Battery Energy Storage System
DSO Distribution System Operator
FG Flexible Generator
FL Flexible Load
LEM Local Electricity Market
LMO Local Market Operator
LR Lagrangian Relaxation
SL Static Load
SOC State of Charge

Indices and sets

𝑙, 𝛺𝑙 Index and set for SLs, 𝑙 ∈ 𝛺𝑙.
𝑓, 𝛺𝑓 Index and set for FLs, 𝑓 ∈ 𝛺𝑓 .
𝑔, 𝛺𝑔 Index and set for FGs, 𝑔 ∈ 𝛺𝑔 .
𝑠, 𝛺𝑠 Index and set for BESSs, 𝑠 ∈ 𝛺𝑠.
𝑡, 𝛺𝑡 Index and set for time periods, 𝑡 ∈ 𝛺𝑡.
𝑖, 𝛺𝑖 Index and set for buses, 𝑖, 𝑗 ∈ 𝛺𝑖.
(𝑖, 𝑗), 𝛺𝑏 Index and set for branches, (𝑖, 𝑗) ∈ 𝛺𝑏.
𝑒, 𝛺𝑒 Index and set for scenarios, 𝑒 ∈ 𝛺𝑒.
𝑝, 𝛺𝑝 Index and set for DSOs.
𝛬𝑝 Set for interconnecting buses of the DSO 𝑝.
𝑘 Iteration counter.

Parameters

𝐵𝑖,𝑗 Susceptance of the line 𝑖, 𝑗 (𝑆).
𝐺𝑖,𝑗 Conductance of the line 𝑖, 𝑗 (𝑆).
𝛥𝑡 Time interval duration (h).
𝑆𝑢
𝑓 ,𝑡, 𝑆

𝑑
𝑓 ,𝑡 Price of the upward 𝑢 and downward 𝑑

energy flexibility product provided by FL 𝑓
at period 𝑡 (e/kWh).

𝑆𝑢
𝑔,𝑡, 𝑆

𝑑
𝑔,𝑡 Price of the upward 𝑢 and downward 𝑑

energy flexibility product provided by FG 𝑔
at period 𝑡 (e/kWh).

𝑆𝑢
𝑠,𝑡, 𝑆

𝑑
𝑠,𝑡 Price of the upward 𝑢 and downward 𝑑

energy flexibility product provided by BESS
𝑠 at period 𝑡 (e/kWh).

𝑆𝑡 Price of energy in the wholesale market at
period 𝑡 (e/kWh).

𝜂𝐶𝑠 , 𝜂
𝐷
𝑠 Charging 𝐶 and discharging 𝐷 efficiencies

for the BESS 𝑠 (p.u.).
𝑃 𝑠𝑐ℎ
𝑙,𝑡 , 𝑃 𝑠𝑐ℎ

𝑓 ,𝑡 Scheduled 𝑠𝑐ℎ demand for SL 𝑙 and FL 𝑓 at
period 𝑡, respectively (kW).

𝑃 𝑠𝑐ℎ
𝑔,𝑡 Scheduled 𝑠𝑐ℎ generation for FG 𝑔 at period

𝑡 (kW).
𝑃 𝑎𝑚
𝑙,𝑡 Power demand after market 𝑎𝑚 clearing for

SL 𝑙 at period 𝑡 (kW).
𝑄𝑠𝑐ℎ

𝑙,𝑡 Scheduled 𝑠𝑐ℎ reactive demand for SL 𝑙 at
period 𝑡 (kVAr).

𝑄𝑠𝑐ℎ
𝑔,𝑡 Scheduled 𝑠𝑐ℎ reactive generation for FG 𝑔

at period 𝑡 (kVAr).
2

𝑃 𝑓 , 𝑃 𝑓 Upper and lower demand bounds for FL 𝑓
at period 𝑡 (kW).

𝑃 𝑔 , 𝑃 𝑔 Upper and lower generation bounds for FG
𝑔 at period 𝑡 (kW).

𝑃 𝑐𝑜𝑛𝑣
𝑠 BESS converter power rating 𝑐𝑜𝑛𝑣 for BESS

𝑠 (kW).
𝑆𝑂𝐶𝑠, 𝑆𝑂𝐶𝑠 Upper and lower bounds for SOC of BESS 𝑠

(kWh).
𝑆𝑂𝐶0𝑠 Initial SOC for BESS 𝑠 (kWh).
𝑆𝑖,𝑗 Thermal limit of the line 𝑖, 𝑗 (kVAr).
𝛾 Penalty factor (p.u.).
𝜀 Convergence tolerance (p.u.).

Variables

𝜔𝑢
𝑓 ,𝑡, 𝜔

𝑑
𝑓 ,𝑡 Upward 𝑢 and downward 𝑑 flexibility

product from FL 𝑓 at period 𝑡 (kWh).
𝜔𝑢
𝑔,𝑡, 𝜔

𝑑
𝑔,𝑡 Upward 𝑢 and downward 𝑑 flexibility

product from FG 𝑔 at period 𝑡 (kWh).
𝜔𝑢
𝑠,𝑡, 𝜔

𝑑
𝑠,𝑡 Upward 𝑢 and downward 𝑑 flexibility

product from BESS 𝑠 at period 𝑡 (kWh).
𝑝𝑎𝑚𝑓,𝑡, 𝑝

𝑎𝑚
𝑠,𝑡 Power demand of FL 𝑓 and BESS 𝑠, in pe-

riod 𝑡 after market clearing 𝑎𝑚, respectively
(kW).

𝑝𝑎𝑚𝑔,𝑡 Power generation of FG 𝑔 at period 𝑡 after
market 𝑎𝑚 clearing (kW).

𝑠𝑜𝑐𝑠,𝑡 State of charge of BESS 𝑠 at period 𝑡 (kWh).
𝜃𝑖,𝑡 Voltage phase angle in bus 𝑖 at period 𝑡

(rad).
𝑣𝑖,𝑡 Voltage magnitude in bus 𝑖 at period 𝑡 (pu).
𝑝𝑖,𝑗,𝑡, 𝑞𝑖,𝑗,𝑡 Active and reactive power flow between

buses 𝑖 and 𝑗 at period 𝑡 (kW, kVAr).
𝑝𝑖,𝑡 Active power exchanged at the point of

common coupling 𝑖 at period 𝑡 (kW).
𝑞𝑖,𝑡 Reactive power exchanged at the point of

common coupling 𝑖 at period 𝑡 (kVAr).
𝑐𝑓,𝑡, 𝑐𝑔,𝑡, 𝑐𝑠,𝑡 Cost of the flexibility products traded by FL

𝑓 , FG 𝑔 and BESS 𝑠, respectively, at period
𝑡 (e).

�̃�𝜃,𝑘
𝑡 Complicating constraint associated with

the voltage phase angle at the inter-
connection 𝜃 at period 𝑡 in iteration 𝑘
(rad).

�̃�𝐼,𝑘
𝑡 Complicating constraint associated with

balance 𝐼 at period 𝑡 in iteration 𝑘 (kW).
𝑥𝑝 General variable 𝑥 of DSO 𝑝.
𝜆𝜃,𝑘𝑡 Lagrange multiplier associated with the

voltage phase angle 𝜃 constraint at the
interconnection in iteration 𝑘 and period 𝑡
(e/rad).

𝜆𝑣,𝑘𝑡 Lagrange multiplier associated with the
voltage magnitude 𝑣 constraint at the in-
terconnection in iteration 𝑘 and period 𝑡
(e/rad).

𝜆𝐼,𝑘𝑡 Lagrange multiplier associated with bal-
ance constraint 𝐼 in iteration 𝑘 and period 𝑡
(e/kWh).
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1. Introduction

1.1. Motivation

Renewable energy sources operating at distribution grids are be-
coming increasingly common in modern smart grids. In this context,
LEMs are being deployed as new layers of the traditional electricity
markets [1], providing new business models for the renewable agents
that in many cases did not have opportunities to participate in the
conventional wholesale markets. Promoting LEMs among distribution
networks is a strategic focus of global energy policies. Some examples
can be found in the EU-funded pilot projects FLEXITRANSTORE [2]
InterFlex [3], EMPOWER [4], and DREAM-GO [5].

The behaviour of market agents can lead to distribution line con-
gestion [6], voltage magnitude deviations [7], or even power imbal-
ances [8]. The adoption of LEMs allows the resolution of the distribu-
tion operational constraints through local agents connected to the same
grid without involving upstream assets.

Trading of energy among LEMs to provide flexibility is an important
challenge for modern distribution networks [9]. Interoperability of
these markets offers a route to overcome this barrier [10] and motivates
the study of inter-DSO local market structures. This setting raises
intrinsic concerns regarding the information privacy of the involved
-DSO in the effort to achieve system-wide efficiency. Therefore, it is
necessary to develop market designs for trading the flexibility products
in inter-DSO LEMs where -DSOs are allowed to trade among areas.

1.2. Literature review

Several market structures have been studied for LEMs, including
different combinations of agents. References [11] use the Aggregator as
the central entity of the market, offering flexibility services to the DSO.
Other approaches assume that the DSO is responsible for the energy
balance of the market as well as for the grid operation [12–14]. LEMs
can also be cleared on an auction basis; in this type of clearing, an
auctioneer is responsible for the matching process between the asks
and bids [15]. In Ref. [16], a transactive energy operator operates
aggregated fleets of electric vehicles while providing peak-shaving
services to the DSO. Traditional market structures have also been con-
sidered by [17] where energy from hydroelectric systems is traded in
decentralized manner following a hierarchical structure. Additionally,
another branch of research which considers LEMs without governance,
i.e. with no market operator. A bi-level peer-to-peer-to-grid market
is proposed in [18], where the market is fully distributed among
the participating agents. [19] investigates a methodology where the
market is jointly hosted by community managers and peers. Blockchain
technology was used in [20] to host a market for energy trading among
households. However, this feature may have profound implications
for the transparency of the market. This work considers the DSO as
the entity that receives offers from flexible agents within its network,
but does not act as the market operator. The LEM is hosted by an
independent Local Market Operator (LMO) to promote transparency,
as in [21].

In many cases, LEMs encompass several geographically restricted
jurisdictions, such as energy communities, neighbourhoods, districts,
or towns [4]. Thus, several DSOs can be involved in the partici-
pation of LEMs. This type of participation in pioneering flexibility
market projects has been discussed in [22]. [23], the relevance of
this type of coordination for congestion and imbalance management
is assessed when organizing flexibility markets. DSOs cooperation is
also highly important for flexibility providers operating assets across
borders [24]. However, currently there is a gap in the knowledge
about how such cross-border coordination can be facilitated. Only [25,
26] proposed a methodology to coordinate flexible power units using
converted-coupled units that consider costs and potential flexibility
3

procurement.
inter-DSO coordination raises considerable concerns regarding the
information privacy of the involved agents while trying to achieve
system-wide cost-efficient solutions [27]. Privacy can be preserved
using decentralized market protocols, e.g. peer-to-peer [18], agent-
centric protocols [28], or hybrid approaches [29]. Nevertheless, little
research has been conducted on the protection of privacy when several
DSOs are cooperating in local market structures. The coordination
of these DSOs while preserving confidential participant and network
data is a noteworthy feature, which is one of the contributions of
this paper. This paper offers a decentralized and coordinated market-
clearing procedure for flexibility trading in inter-DSO LEMs, achieving
cost-effective system-wide solutions without compromising the market
agents’ data privacy.

Coordinated and decentralized solutions have been previously pro-
posed. Coordination is attained by multi-bilateral trades between
agents in peer-to-peer markets. The electrical distance of the peers
in a distribution network drives the preference lists for coordinating
a market solution in a peer-to-peer methodology [13]. [20] used an
ant-colony optimization algorithm to coordinate the solution among
peers. Nevertheless, since the algorithm is based on heuristics, this type
of coordination may yield several solutions for the same input data.
Consensus is used in [29] to coordinate a hybrid method for community
formation and energy trading among peers, but this method may suffer
from convergence difficulties when seeking to coordinate system-wide
market properties. Grid usage prices are defined by the DSO in [30]
to enforce network constraints in a peer-to-peer market. However,
this approach does not guarantee the optimal solution of the market,
hindering its efficient operation. Following an alternative research
direction, several studies coordinate the solution of the market based
on market signals. For example, [27] used only the variables associated
with the energy transfer among peers. Other researchers also included
market signals associated with the grid variables [27]. Following this
approach, this paper proposes a coordination methodology based on
market signals that can be applied to inter-DSO LEM and ensures that
an optimal solution will be achieved.

In the above-discussed works, several solution approaches have
been proposed. In particular, Lagrangian relaxation has been applied to
decentralize market-clearing procedures in distribution grids [17,28].
Nevertheless, the ADMM algorithm [31] improves the Lagrangian
relaxation decentralization process due to its convergence proper-
ties. Multiples methodologies have been proposed to decentralize the
market-clearing using this algorithm atthe distribution level [18,30].
However, little research has been performed regarding the coordination
among the physically adjacent DSOs operating in the same LEMs.

A summary of the above literature review is shown in Table 1.
Additionally, the limitations of the current approaches are described
as follows:

L1. Coordination among DSOs when trading flexibility products for
congestion and imbalance management has not been sufficiently
addressed.

L2. Most of the current market-clearing methodologies have limited
privacy protection of the participating users, and the decentral-
ized methodologies that do provide such protection may obtain
to suboptimal solutions.

L3. Little attention has been paid to coordination methodologies for
the trading of flexibility products based on market signals while
ensuring optimal market solution.

1.3. Contributions

The main contribution of this paper is a decentralized and coordi-
nated approach for flexibility products trading in inter-DSO LEMs. The
specific contributions of this paper are as follows:

C1. An operational framework that can handle flexibility needs an
inter-DSO LEM environment while preserving market privacy

information.
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Table 1
Summary of the literature review.

DSO–DSO
coord.

Type of
products

Decentr.
market

Market host Privacy
preserv.

Modelling
approach

Opt.
granted

Grid Math.
model

[4] No Flexibility No Aggregator No Optimization Yes None MILP
[11] No Capacity No LMO No Optimization Yes Linear

DistFlow
LP

[12] No Flexibility No DSO No Optimization Yes AC LP
[13] No Energy Yes None Yes Peer-to-peer No None –
[14] No Energy No DSO No Optimization Yes None MILP
[15] No Energy Yes Auctioneer

Transactive
Yes Auction model No DC –

[16] No Flexibility No Energy Operator No Optimization Yes DC LP
[17] No Energy Yes Market operator Yes Lagrangian

Relaxation
Yes DC MILP

[18] No Energy Yes None Yes Peer-to-peer No DistFlow LP
[19] No Energy Yes None Yes Peer-to-peer No DC QCP
[20] No Energy Yes None Yes Peer-to-peer No None MINLP
[21] No Energy,

Reserve
No LMO No Optimization Yes None MILP

[26] Yes Flexibility No – No Converter-
coupled units

Yes None MILP

[27] No Energy Yes None Yes ADMM Yes DC QCP
[28] No Energy Yes LMO Yes ADMM Yes None QCP
[29] No Energy Yes None Yes Hybrid (Opt.

and P2P)
No PTDF MILP

[30] No Energy Yes None Yes Peer-to-peer No DistFlow MINLP
This paper Yes Flexibility Yes LMO Yes ADMM Yes LinearL AC QCP
C2. A decentralized solution approach based on the ADMM where
optimal dual variables associated with the voltage magnitude
and phase angle at the interconnecting DSOs nodes and system-
wide imbalance equations, are the signals that properly drive the
coordination mechanism to achieve system-wide efficiency.

1.4. Paper organization

The remainder of this paper is organized as follows. Section 2
defines and formulates the flexibility product-trading framework for
the LEM considering the distribution network constraints. Further,
Section 3 provides a decentralized solution approach to the inter-DSO
LEM clearing problem. Section 4 illustrates the proposed approach
using the IEEE 123 bus test system. Finally, Section 5 states the main
conclusions of this work.
2. Local energy market-clearing problem

This section describes the elements of the proposed LEM model. The
market consists of several DSOs, demanding flexibility and different
agents offering their products. The market mitigates the congestion
and corrects balance deviations using a linear model of the distribution
network. Moreover, the LEM is designed to be compatible with upward
market-clearing solutions, such as those from wholesale markets. Power
exchanged with upstream grid remains constant after the LEM market-
clearing procedure. The centralized market clearing is based on [32–
34].

2.1. LEM Architecture

Fig. 1 presents the interactions among the different actors involved
in the operation of LEMs. The LMO runs the market clearing for flexibil-
ity products, receiving asks and bids from DSOs. Each DSO manages the
bids from the agents connected to its respective distribution network.
In this paper, we assume that three different agents provide flexibility,
namely FLs, FGs, and BESSs. It is also assumed that a unique flexibility
product is traded regardless of its origin.

More detailed information regarding the interactions between dif-
ferent agents is presented in Fig. 2 using a sequence diagram, where a
visual representation of the communication protocols is shown. LEM
is cleared on a near real-time basis, with a time frame of 15 min,
assuming forecast values for wholesale market prices and demands.
4

Fig. 1. General diagram of the relationships between the stakeholders of the LEM
formulation.

This market is cleared whenever an event occurs in the operation of
the distribution network. The market-clearing results in the optimal
scheduling of flexible assets for next 24 h. If new congestions or
imbalances appear as a result of forecast inaccuracies, the market
clearing will be cleared again while incorporating the most updated
information available.

The clearing process is as follows. First, DSOs predict their flexibility
needs [35] and, if required, they ask the LMO to organize a LEM for
providing flexibility. Each agent submits their flexibility availability to
its respective DSO that interacts with the LMO submitting their bids.
After collecting asks and bids, an iterative market-clearing protocol
starts. Each DSO schedules the resources of its distribution network
based on the costs and dual variables set by the LMO. After each iter-
ation, coupling variables at the interface are shared with the LMO that
updates the market signals. This process is repeated until convergence.
Then, LMO sends accepted requests and matched bids to DSOs that
finally inform the participating agents. As a result, agents schedule
their internal control signals to deliver the flexibility products under
surveillance of the LMO and DSO. Finally, the DSO leaves a delivery
note of the products traded to the agents.

So far, it has been assumed that the optimal scheduling of the
flexible resources is performed by the DSO. Nevertheless, the above-
described protocol is compatible with the participation of flexibility
aggregators and private entities. The only difference in the protocol in
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Fig. 2. Sequence diagram of the LEM representing the interactions between the agents in the proposed framework [32–34].
this case would be that the control signals will be determined by either
the aggregator or the private owner.

2.2. Problem formulation

The LEM market-clearing problem is formulated in terms of the
flexibility products offered, the market restrictions, the distribution
network model and the objective function.

2.2.1. Flexibility product definition
In this section, the flexibility products offered by FLs, FGs and BESSs

are defined. It is assumed that the energy traded by those flexible
units will be collected in the wholesale market. Thus, the price of the
energy should be considered in the costs functions to determine the
real cost of obtaining flexibility. Then, the baseline of the flexible units
or scheduled power arises from their participation in the wholesale
market. For simplicity, this baseline is considered to be constant.

FLs can offer the flexibility product in two directions, either increas-
ing or decreasing their scheduled consumption 𝑃 𝑠𝑐ℎ

𝑓 ,𝑡 , because they are
assumed to modify their demand within a given range. The associated
costs for the provision of flexibility products are presented in (1). The
power demand of the FL 𝑓 after the LEM clearing, at period 𝑡, 𝑝𝑎𝑚𝑓,𝑡, is
bounded by 𝑃 𝑓 , 𝑃 𝑓 and is defined in (2).

𝑐𝑓,𝑡 = (𝑆𝑡 − 𝑆𝑢
𝑓 ,𝑡)𝜔

𝑢
𝑓 ,𝑡 + (𝑆𝑑

𝑓 ,𝑡 − 𝑆𝑡)𝜔𝑑
𝑓 ,𝑡 ∀𝑓 ∈ 𝛺𝑓 ,∀𝑡 ∈ 𝛺𝑡 (1)

𝑝𝑎𝑚𝑓,𝑡 = 𝑃 𝑠𝑐ℎ
𝑓 ,𝑡 + 1

𝛥𝑡
(𝜔𝑢

𝑓 ,𝑡 − 𝜔𝑑
𝑓 ,𝑡) ∀𝑓 ∈ 𝛺𝑓 ,∀𝑡 ∈ 𝛺𝑡 (2)

To obtain profits, the upward flexibility product, 𝜔𝑢
𝑓 ,𝑡, is offered at

a price, 𝑆𝑢
𝑓 ,𝑡, that is lower than the wholesale market price 𝑆𝑡. On the

other hand, for the same reason the downward flexibility product, 𝜔𝑑
𝑓 ,𝑡,

is offered at a price, 𝑆𝑑
𝑓 ,𝑡, that is higher than the previously settled

wholesale market price.
FGs are assumed to be controllable in both directions (e.g. co-

generation plants or PV with storage), providing upward and down-
ward flexibility. Considering 𝑃 𝑠𝑐ℎ

𝑔,𝑡 as the scheduled power generation of
FG 𝑔, at time 𝑡, the asset can provide upward, 𝜔𝑢

𝑔,𝑡, and downward, 𝜔𝑑
𝑔,𝑡,

flexibility products at prices 𝑆𝑢
𝑔,𝑡 > 𝑆𝑡 and 𝑆𝑑

𝑔,𝑡 < 𝑆𝑡, respectively. Thus,
the output power after market clearing must satisfy 𝑃 𝑔,𝑡 ≤ 𝑝𝑎𝑚𝑔,𝑡 ≤ 𝑃 𝑔,𝑡
for all time periods 𝑡 ∈ 𝛺𝑡. Then, the cost of the flexibility product
is defined in (3) and the power generation output after LEM clearing
in (4).

𝑐𝑔,𝑡 = (𝑆𝑢
𝑔,𝑡 − 𝑆𝑡)𝜔𝑢

𝑔,𝑡 + (𝑆𝑡 − 𝑆𝑑
𝑔,𝑡)𝜔

𝑑
𝑔,𝑡 ∀𝑔 ∈ 𝛺𝑔 ,∀𝑡 ∈ 𝛺𝑡 (3)

𝑝𝑎𝑚𝑔,𝑡 = 𝑃 𝑠𝑐ℎ
𝑔,𝑡 + 1

𝛥𝑡
(𝜔𝑢

𝑔,𝑡 − 𝜔𝑑
𝑔,𝑡) ∀𝑔 ∈ 𝛺𝑔 ,∀𝑡 ∈ 𝛺𝑡 (4)

Lastly, BESSs constraints are described by (5)-(8). These agents can
shift generation or consumption from one period to another. In this
5

case, no baseline is considered for clarity. The agents are assumed
to only participate in the proposed market clearing. BESSs provide
both upward, 𝜔𝑢

𝑠,𝑡, and downward, 𝜔𝑑
𝑠,𝑡, flexibility, offered at the prices

𝑆𝑢
𝑠,𝑡 < 𝑆𝑡 and 𝑆𝑑

𝑠,𝑡 > 𝑆𝑡, respectively. The costs for BESS products are
given by

𝑐𝑠,𝑡 = (𝑆𝑡 − 𝑆𝑢
𝑠,𝑡)𝜔

𝑢
𝑠,𝑡 + (𝑆𝑑

𝑠,𝑡 − 𝑆𝑡)𝜔𝑑
𝑠,𝑡 ∀𝑠 ∈ 𝛺𝑠,∀𝑡 ∈ 𝛺𝑡 (5)

Operation limits for the BESSs are set by the battery converter rating
𝑃 𝑐𝑜𝑛𝑣
𝑠 and the State of Charge (SOC) bounds. Let 𝜂𝐶𝑠 and 𝜂𝐷𝑠 be the

charging and discharging efficiencies, then equation (6) sets the SOC
trajectories after LEM clearing while (7) establishes the SOC bounds.
For realistic modelling, it is considered that 𝑠𝑜𝑐𝑠,0 = 𝑠𝑜𝑐𝑠,|𝛺𝑡|

= 𝑆𝑂𝐶0𝑠.
The power of the BESS 𝑠 after market clearing is computed in (8)
considering that if 𝑝𝑎𝑚𝑠,𝑡 ≤ 0, BESS is being discharged, else if 𝑝𝑎𝑚𝑠,𝑡 ≥ 0,
BESS is charged. This power is limited by the converter rating 𝑃 𝑐𝑜𝑛𝑣

𝑠 ,
setting the upper and lower bounds for 𝑝𝑎𝑚𝑠,𝑡 according to (9).

𝑠𝑜𝑐𝑠,𝑡 = 𝑠𝑜𝑐𝑠,𝑡−1 + 𝜂𝐶𝑠 𝜔
𝑢
𝑠,𝑡 −

𝜔𝑑
𝑠,𝑡

𝜂𝐷𝑠
∀𝑠 ∈ 𝛺𝑠,∀𝑡 ∈ 𝛺𝑡 (6)

𝑆𝑂𝐶𝑠 ≤ 𝑠𝑜𝑐𝑠,𝑡 ≤ 𝑆𝑂𝐶𝑠 ∀𝑠 ∈ 𝛺𝑠,∀𝑡 ∈ 𝛺𝑡 (7)

𝑝𝑎𝑚𝑠,𝑡 = 1
𝛥𝑡

(𝜔𝑢
𝑠,𝑡 − 𝜔𝑑

𝑠,𝑡) ∀𝑠 ∈ 𝛺𝑠,∀𝑡 ∈ 𝛺𝑡 (8)

− 𝑃 𝑐𝑜𝑛𝑣
𝑠 ≤ 𝑝𝑎𝑚𝑠,𝑡 ≤ 𝑃 𝑐𝑜𝑛𝑣

𝑠 ∀𝑠 ∈ 𝛺𝑠,∀𝑡 ∈ 𝛺𝑡 (9)

2.2.2. LEM Balancing Constraint
LEMs are organized to take advantage of local assets to fulfil local

flexibility needs. The power exchanged with the upstream network 𝑝𝑖,𝑡
does not change after market operation, alleviating congestion by a
physical translation of the consumption from the high-load areas to
other areas where thermal restrictions are not activated. Thus, the
balance for all flexible upwards and downwards products must be zero
as described by (10). This equation guarantees that the clearing results
do not affect to the upstream networks, ensuring the compatibility of
the proposed framework with the current market structures. Associated
with this equation, the dual variable 𝜆𝐼𝑡 represents the marginal cost of
the traded flexibility products.
∑

𝑙∈𝛺𝑙

(𝑃 𝑠𝑐ℎ
𝑙,𝑡 − 𝑃 𝑎𝑚

𝑙,𝑡 ) +
∑

𝑓∈𝛺𝑓

(𝑃 𝑠𝑐ℎ
𝑓 ,𝑡 − 𝑝𝑎𝑚𝑓,𝑡) −

∑

𝑔∈𝛺𝑔

(𝑃 𝑠𝑐ℎ
𝑔,𝑡 − 𝑝𝑎𝑚𝑔,𝑡 )

−
∑

𝑠∈𝛺𝑠

𝑝𝑎𝑚𝑠,𝑡 = 0 ∀𝑡 ∈ 𝛺𝑡 ∶𝜆𝐼𝑡
(10)

2.2.3. Network model
We consider a linear version of the AC network model to charac-

terize the power balance and thermal limits [36]. Linear models of
the grid are widely used in market studies [16,19,37] because such
models eliminate the duality gaps that appear when using non-linear
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Fig. 3. Scenario tree of the stochastic version of the Inter-DSO LEM with scenario
eduction.

efinitions. Thus, a robust economic interpretation of the dual variables
an be provided. The power balance for all buses is given by (11) and
12). Active and reactive power flows are computed using (13) and
14). Eq. (15) sets the power flow limits 𝑆 𝑖,𝑗 .
∑

𝑗∈𝛺𝑖

(

𝐺𝑖,𝑗𝑣𝑗,𝑡 − 𝐵𝑖,𝑗𝜃𝑗,𝑡
)

= 𝑝𝑖,𝑡 + 𝑝𝑎𝑚𝑔,𝑡− 𝑃 𝑎𝑚
𝑙,𝑡 − 𝑝𝑎𝑚𝑓,𝑡 − 𝑝𝑎𝑚𝑠,𝑡

∀𝑖 ∈ 𝛺𝑖,∀𝑡 ∈ 𝛺𝑡
(11)

−
∑

𝑗∈𝛺𝑖

(

𝐵𝑖,𝑗𝑣𝑗,𝑡 + 𝐺𝑖,𝑗𝜃𝑗,𝑡
)

= 𝑞𝑖,𝑡 +𝑄𝑎𝑚
𝑔,𝑡 −𝑄𝑎𝑚

𝑙,𝑡
∀𝑖 ∈ 𝛺𝑖,∀𝑡 ∈ 𝛺𝑡

(12)

𝑝𝑖,𝑗,𝑡 = 𝐺𝑖,𝑗 (𝑣𝑖,𝑡 − 𝑣𝑗,𝑡) − 𝐵𝑖,𝑗 (𝜃𝑖,𝑡 − 𝜃𝑗,𝑡) ∀(𝑖, 𝑗) ∈ 𝛺𝑏,∀𝑡 ∈ 𝛺𝑡 (13)

𝑞𝑖,𝑗,𝑡 = 𝐵𝑖,𝑗 (𝑣𝑗,𝑡 − 𝑣𝑖,𝑡) + 𝐺𝑖,𝑗 (𝜃𝑗,𝑡 − 𝜃𝑖,𝑡) ∀(𝑖, 𝑗) ∈ 𝛺𝑏,∀𝑡 ∈ 𝛺𝑡 (14)

𝑝2𝑖,𝑗,𝑡 + 𝑞2𝑖,𝑗,𝑡 ≤ 𝑆
2
𝑖,𝑗 ∀(𝑖, 𝑗) ∈ 𝛺𝑏,∀𝑡 ∈ 𝛺𝑡 (15)

.2.4. Objective function
The LEM clearing problem objective function minimizes the total

ost for the products offered by FLs, FGs and BESSs.

in
∑

𝑡∈𝛺𝑡

[

∑

𝑓∈𝛺𝑓

𝑐𝑓,𝑡 +
∑

𝑔∈𝛺𝑔

𝑐𝑔,𝑡 +
∑

𝑠∈𝛺𝑠

𝑐𝑠,𝑡

]

(16)

.3. Stochastic formulation

In this section, the stochasticity of the generation, the loads and the
holesale market prices is discussed. Loads and prices in distribution
etworks have an nondeterministic nature, which may influence the
olution of the problem. Nevertheless, although DSOs have powerful
rediction tools which are able to predict these variables, they may
ntroduce an error in the parameters of the problem.

To characterize this behaviour, we assume that the probability
ensity distribution of the forecast error of the loads and the prices
s a normal distribution as in [38] with a standard deviation of 25%
nd mean value equal to the forecasted values. A scenario tree based
pproach is used to incorporate the uncertainty into the model as
ig. 3 shows. In order to avoid computational burden, a scenario
eduction technique is used to include the most representative scenarios
n the stochastic formulation [39]. Each scenario is simulated using the
roposed ADMM algorithm.

Let �̂� be the mean of the parameter 𝑋 and 𝛥𝑒𝑋𝑒 be the forecast error
n the scenario 𝑒 for the parameter 𝑋. The scheduled demand 𝑃 𝑠𝑐ℎ

𝑒,𝑓 ,𝑡, the
cheduled generation 𝑃 𝑠𝑐ℎ

𝑒,𝑔,𝑡, and the wholesale market price 𝑆𝑒,𝑡 in the
cenario 𝑒 are described as follows
𝑠𝑐ℎ
𝑒,𝑓 ,𝑡 = 𝑃 𝑠𝑐ℎ

𝑓 ,𝑡 + 𝛥𝑒𝑓𝑒 ∀𝑒 ∈ 𝛺𝑒,∀𝑓 ∈ 𝛺𝑓 ,∀𝑡 ∈ 𝛺𝑡 (17)
𝑠𝑐ℎ ̂ 𝑠𝑐ℎ 𝑔
6

𝑒,𝑔,𝑡 = 𝑃𝑔,𝑡 + 𝛥𝑒𝑒 ∀𝑒 ∈ 𝛺𝑒,∀𝑔 ∈ 𝛺𝑔 ,∀𝑡 ∈ 𝛺𝑡 (18)
𝑒,𝑡 = �̂�𝑒,𝑡 + 𝛥𝑒𝑆𝑒 ∀𝑒 ∈ 𝛺𝑒,∀𝑡 ∈ 𝛺𝑡 (19)

The expected value of the cost is minimized in the objective function
for all scenario 𝑒 in the set of possible realizations 𝛺𝑒. Let 𝑒 be the
robability of the scenario 𝑒, then, the market formulation stands as
ollows,

min
∑

𝑒∈𝛺𝑒

𝑒

[

∑

𝑡∈𝛺𝑡

[

∑

𝑓∈𝛺𝑓

𝑐𝑒,𝑓 ,𝑡 +
∑

𝑔∈𝛺𝑔

𝑐𝑒,𝑔,𝑡 +
∑

𝑠∈𝛺𝑠

𝑐𝑒,𝑠,𝑡

]]

(20)

s.t. (1)–(15) ∀𝑒 ∈ 𝛺𝑒

The output variables of (20) are now variables with uncertainty with
a determined probability density function.

2.4. Inter-DSO Local Energy Markets

Considering that LEMs are composed of a set of |𝛺𝑝| DSOs, inter-
connected by tie-lines, the objective function is re-written as the cost
minimization of the flexibility products offered by each independent
DSO as given by (21).

min
∑

𝑝∈𝛺𝑝

∑

𝑡∈𝛺𝑡

[

∑

𝑓∈𝛺𝑓

𝑐𝑝𝑓 ,𝑡 +
∑

𝑔∈𝛺𝑔

𝑐𝑝𝑔,𝑡 +
∑

𝑠∈𝛺𝑠

𝑐𝑝𝑠,𝑡

]

(21)

The balancing constraint (10) is then re-defined as follows,
∑

𝑝∈𝛺𝑝

𝐼𝑝𝑡 = 0 ∀𝑡 ∈ 𝛺𝑡 : 𝜆𝐼𝑡 (22)

𝐼𝑝𝑡 =
∑

𝑙∈𝛺𝑝
𝑙

(𝑃 𝑠𝑐ℎ
𝑙,𝑡 − 𝑃 𝑎𝑚

𝑙,𝑡 ) +
∑

𝑓∈𝛺𝑝
𝑔

(𝑃 𝑠𝑐ℎ
𝑓 ,𝑡 − 𝑝𝑎𝑚𝑓,𝑡)

−
∑

𝑔∈𝛺𝑝
𝑔

(𝑃 𝑠𝑐ℎ
𝑔,𝑡 − 𝑝𝑎𝑚𝑔,𝑡 ) −

∑

𝑠∈𝛺𝑝
𝑠

𝑝𝑎𝑚𝑠,𝑡 ∀𝑡 ∈ 𝛺𝑡,∀𝑝 ∈ 𝛺𝑝
(23)

where 𝐼𝑝𝑡 is the imbalance of the DSO 𝑝 at period 𝑡 as defined in (23).
It is important to note that 𝐼𝑝𝑡 is computed only considering the assets
of DSO 𝑝. Node balance equations are also affected by this inter-DSO
setting. Let 𝛺𝑝

𝑖 be the set of nodes belonging to the DSO 𝑝, and 𝛬𝑝 be
the set of interconnecting nodes. Then, the node balance is given by
∑

𝑗∈𝛺𝑝
𝑖

(

𝐺𝑖,𝑗𝑣𝑗,𝑡 − 𝐵𝑖,𝑗𝜃𝑗,𝑡
)

+
∑

𝑗∈𝛬𝑝

(

𝐺𝑖,𝑗𝑣𝑗,𝑡 − 𝐵𝑖,𝑗𝜃𝑗,𝑡
)

= 𝑝𝑖,𝑡

−
∑

𝑗∈𝛺𝑝
𝑖

(

𝐵𝑖,𝑗𝑣𝑗,𝑡 + 𝐺𝑖,𝑗𝜃𝑗,𝑡
)

−
∑

𝑗∈𝛬𝑝

(

𝐵𝑖,𝑗𝑣𝑗,𝑡 + 𝐺𝑖,𝑗𝜃𝑗,𝑡
)

= 𝑞𝑖,𝑡

∀𝑖 ∈ 𝛺𝑝
𝑖 ,∀𝑝 ∈ 𝛺𝑝,∀𝑡 ∈ 𝛺𝑡

(24)

The inter-DSO LEM clearing problem can be formulated in compact
form. Let 𝐱𝑝 be the vector of the variables of the DSO 𝑝, �̃� be the vector
of the complicating variables, i.e. variables that belongs to different
DSOs, 𝜆 be the vector of all Lagrange multipliers at complicating
constraints. The inter-DSO LEM is re-written in (25) considering the
cost function 𝑓 𝑝(𝐱𝑝, �̃�), subject to the DSO constraints ℎ(𝐱𝑝) = 0, 𝑔(𝐱𝑝 ≤
0) and the complicating constraints �̃�(𝐱, 𝐱,… , 𝐱|𝛺𝑝|, �̃�) = 0.

min
∑

𝑝∈𝛺𝑝

𝑓 𝑝(𝐱𝑝, �̃�)

subject to ℎ(𝐱𝑝) = 0, 𝑔(𝐱𝑝) ≤ 0

�̃�(𝐱, 𝐱,… , 𝐱|𝛺𝑝|, �̃�) = 0 ∶ 𝝀

(25)

3. Solution approach to Inter-DSO LEMs

In this section, the solution approach to the inter-DSO LEM clearing
problem based on the ADMM is described. The decentralized coordina-
tion mechanism among the areas is activated when there is a request
for flexibility. The market-clearing problem is iteratively solved where
information is exchanged between the LMO and the involved DSOs.
In this setting, information exchanges are reduced, attaining the same

centralized solution sharing a reduced quantity of information.
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Fig. 4. Coordination procedure among the agents in inter-DSO LEM settings. Dark and
light blue arrows represents flexibility requests and economical signals, respectively.

Fig. 5. Representation of the coordination procedure between two different areas
connected by a tie-line.

3.1. Coordination scheme

The coordination scheme is presented in Fig. 4, where the LMO
acts as coordinator of the LEM clearing solution with the information
provided by DSOs. Imbalance information is exchanged among DSOs
to fulfil the flexibility requests without involving the upstream assets.
Additionally, economic signals are also exchanged representing their
offers to satisfy these flexibility requests.

The objective of this approach is to find the overall optimal solution
in a decentralized and coordinated manner. To achieve this goal,
the coupling constraints (22) and (24) are coordinated. Information
exchanges include the primal and dual variables at the interconnecting
nodes (𝑣𝑖,𝑡, 𝜆𝑣𝑡 , 𝜃𝑖,𝑡, 𝜆

𝜃
𝑡 ) and flexibility products (𝐼𝑝𝑡 , 𝜆𝐼𝑡 ). The first and

second magnitudes are widely used in the literature as a method for
coordination [30,40]. Furthermore, this inter-DSO LEM algorithm also
considers area imbalances in the coordination procedure, using the
Lagrange multiplier 𝜆𝐼𝑡 as the marginal cost for flexibility provision.

3.1.1. Coordination through the voltage magnitude and phase angle at
interconnection

For readability, coordination is explained considering a LEM with
two interconnected DSOs as shown in Fig. 5(a). In this case, coordina-
tion is achieved by duplicating the DSO’s node voltage magnitude and
voltage phase angle 𝑣,𝑡 = 𝑣,𝑡, 𝜃,𝑡 = 𝜃,𝑡 and 𝑣,𝑡 = 𝑣,𝑡, 𝜃,𝑡 = 𝜃,𝑡, at
the interconnection as depicted in Figs. 5(b) and 5(c).

Those internal variables replace the complicating variables 𝑣𝑗,𝑡, 𝜃𝑗,𝑡
in (24) for all 𝑗 ∈ 𝛬𝑝, making the problem separable. Duplicated
variables are coordinated using (26) and (27), ensuring that the node
7

voltage obtained in DSO  in iteration 𝑘, 𝑣𝑘,𝑡, 𝜃𝑘,𝑡, is equal to the
duplicated variables 𝑣,𝑡, 𝜃


,𝑡 of DSO .

𝑣,𝑡 − 𝑣𝑘,𝑡 = 0 : 𝜆𝑣 ,𝑘𝑡 (26)

𝜃,𝑡 − 𝜃𝑘,𝑡 = 0 : 𝜆𝜃 ,𝑘𝑡 (27)

3.1.2. Coordination through the overall balance of the grid
The overall balance for all DSOs must be met. Following Fig. 5, the

sum of the imbalances from DSO  and  must be equal to zero,

𝐼𝑡 + 𝐼,𝑘𝑡 = 0 ∀𝑡 ∈ 𝛺𝑡 ∶𝜆𝐼,𝑘𝑡 (28)

Through iterative exchange of information associated with (26) –
(28), the centralized solution of the problem described by (21) can be
obtained without compromising the information privacy of the different
DSOs and without solving a large economic dispatch.

3.2. DSO sub-problem

In this section, the DSO sub-problem is defined. At each iteration
𝑘, DSO information is shared with the LMO to coordinate the market-
clearing solution. DSO  solves its sub-problem assuming known com-
plicating variables of DSO , and complicating constraints (26)–(28)
are relaxed and included in the objective function. For privacy reasons,
the DSO imbalance 𝐼,𝑘𝑡 is computed inside the jurisdiction of DSO 
and then, is shared.

̃ 𝑣,𝑘,𝑡 = 𝑣,𝑡 − 𝑣𝑘,𝑡 ∀𝑡 ∈ 𝛺𝑡 (29)

̃ 𝜃,𝑘,𝑡 = 𝜃,𝑡 − 𝜃𝑘,𝑡 ∀𝑡 ∈ 𝛺𝑡 (30)

̃ 𝐼,𝑘,𝑡 = 𝐼𝑡 + 𝐼,𝑘𝑡 ∀𝑡 ∈ 𝛺𝑡 (31)

The DSO problem is described by (32). Its objective function is
composed of three terms. The first term involves the sum of flexible
agent costs of the DSO . The second term relaxes the complicating
constraints �̃�𝑣,𝑘,

𝑡 , �̃�𝜃,,𝑘
𝑡 , �̃�𝐼,,𝑘

𝑡 multiplied by their associated dual
variables 𝜆𝑣,𝑘𝑡 , 𝜆𝜃,𝑘𝑡 , 𝜆𝐼,𝑘𝑡 . Lastly, a quadratic term of the sum of coupling
constraints multiplied by the penalty factor 𝛾 is included. The last
term is specific to the ADMM algorithm, enhancing the speed of the
convergence to the optimal solution [31]. This DSO problem is subject
to restrictions (1)–(15) for all assets connected to the network of the
DSO.

min
∑

𝑡∈𝛺𝑡

[

∑

𝑓∈𝛺
𝑓
𝑐𝑓,𝑡 +

∑

𝑔∈𝛺
𝑔
𝑐𝑔,𝑡 +

∑

𝑠∈𝛺
𝑠
𝑐𝑠,𝑡

]

+
∑

𝑡∈𝛺𝑡

[

𝜆𝑣,𝑘𝑡 �̃�𝑣,,𝑘
𝑡

+𝜆𝜃,𝑘𝑡 �̃�𝜃,,𝑘
𝑡 + 𝜆𝐼,𝑘𝑡 �̃�𝐼,,𝑘

𝑡

]

+ 𝛾
2

[

∑

𝑡∈𝛺𝑡

(

�̃�𝐼,,𝑘
𝑡

)2

+
∑

𝑡∈𝛺𝑡

(

�̃�𝑣,,𝑘
𝑡

)2
+
∑

𝑡∈𝛺𝑡

(

�̃�𝜃,,𝑘
𝑡

)2
]

(32)
subject to (1), (2) ∀𝑓 ∈ 𝛺

𝑓

(3), (4) ∀𝑔 ∈ 𝛺
𝑔

(5)–(8) ∀𝑠 ∈ 𝛺
𝑠

(11)–(15) ∀𝑖, 𝑗 ∈ 𝛺
𝑖

3.3. Lagrange’s multipliers update

The LMO updates the Lagrange multipliers once all DSOs have
exchanged the information resulting from the solution of (32).

𝜆𝑣,𝑘+1𝑡 = 𝜆𝑣,𝑘𝑡 + 𝛾 �̃�𝑣,𝑘
𝑡 ∀𝑡 ∈ 𝛺𝑡 (33)

𝜆𝜃,𝑘+1𝑡 = 𝜆𝜃,𝑘𝑡 + 𝛾 �̃�𝜃,𝑘
𝑡 ∀𝑡 ∈ 𝛺𝑡 (34)

𝜆𝐼,𝑘+1 = 𝜆𝐼,𝑘 + 𝛾 �̃�𝐼,𝑘 ∀𝑡 ∈ 𝛺 (35)
𝑡 𝑡 𝑡 𝑡
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3.4. Convergence criterion: Primal and dual residuals

Primal residual ‖

‖

𝑟𝑘‖
‖2 is defined as ‖

‖

‖

�̃�(𝐱, 𝐱,… , 𝐱|𝛺𝑝|, �̃�)‖‖
‖2

while
ual residual, ‖

‖

𝑠𝑘‖
‖2, is defined as 𝛾 ‖‖

‖

�̃�𝑘+1 − �̃�𝑘‖‖
‖2

. In our case, they can
be written as

‖

‖

‖

𝑟𝑘‖‖
‖2

=

[

∑

𝑡∈𝛺𝑡

(

�̃�𝑣,𝑘
𝑡

)2
+

∑

𝑡∈𝛺𝑡

(

�̃�𝜃,𝑘
𝑡

)2
+

∑

𝑡∈𝛺𝑡

(

�̃�𝐼,𝑘
𝑡

)2
]1∕2

(36)

‖

‖

‖

𝑠𝑘‖‖
‖2

= 𝛾

[

∑

𝑡∈𝛺𝑡

(

𝑣,𝑘+1
,𝑡 − 𝑣,𝑘

,𝑡

)2
+
∑

𝑡∈𝛺𝑡

(

𝑣,𝑘+1,𝑡 − 𝑣,𝑘,𝑡

)2

+
∑

𝑡∈𝛺𝑡

(

𝜃,𝑘+1
,𝑡 − 𝜃,𝑘

,𝑡

)2
+
∑

𝑡∈𝛺𝑡

(

𝜃,𝑘+1,𝑡 − 𝜃,𝑘,𝑡

)2

+
∑

𝑡∈𝛺𝑡

(

𝐼,𝑘+1
𝑡 − 𝐼,𝑘

𝑡

)2
+
∑

𝑡∈𝛺𝑡

(

𝐼,𝑘+1𝑡 − 𝐼,𝑘𝑡

)2
]

1∕2

(37)

The convergence criterion is selected as max
{

‖

‖

𝑟𝑘‖
‖2 , ‖‖𝑠

𝑘
‖

‖2
}

≤ 𝜀.
For real case applications, this convergence criterion is set to 𝜀 =
10−3 [41]. This accuracy is sufficient to obtain satisfactory solutions
without incurring a large computational cost.

3.5. Solution algorithm for inter-DSO LEM

The proposed solution approach is based on the ADMM decomposi-
tion algorithm [31]. Using this procedure, the inter-DSO optimization
problem presented in (32) is solved in a coordinated and decentralized
manner. This process allows LMOs to solve the market while having
only partial access to the information. Thus, the principle of privacy
among the agents is maintained [27].

The convergence is checked by calculating norm-2 of primal ‖
‖

𝑟𝑘‖
‖2

and dual residual ‖

‖

𝑠𝑘‖
‖2. Complicating constraints are relaxed and

the objective function 𝑓 𝑝(𝐱𝑝, �̃�) is replaced by its Lagrangian function
(𝐱𝑝,𝑘, �̃�𝑘,𝝀𝑘) at iteration 𝑘 defined in (32). The ADMM procedure for
the LEM depicted in (25) is presented in algorithm 1.

Algorithm 1 ADMM Inter-DSO LEM clearing procedure.
1: ṽ𝑘, 𝜆𝑘 ← 0
2: procedure ADMM Loop
3: while max

{

‖

‖

𝑟𝑘‖
‖2 , ‖‖𝑠

𝑘
‖

‖2
}

≥ 𝜀 do
4: for 𝑝 ∈ 𝛺𝑝 do
5: min{(x𝑝,𝑘, ṽ𝑘, 𝜆𝑘) ∶ ℎ(x𝑝) = 0, 𝑔(x𝑝) ≤ 0}.
6: update ṽ𝑘.
7: distribute ṽ𝑘 and x𝑝,𝑘 among DSOs.
8: end for
9: update 𝜆𝑘+1 = 𝜆𝑘 + 𝛾 �̃�(x, x,… , x|𝛺𝑝|, ṽ)

10: compute ‖

‖

𝑟𝑘‖
‖2 , ‖‖𝑠

𝑘
‖

‖2
11: end while
12: end procedure

4. Case study

This section presents a case study to illustrate the proposed ap-
proach. The case study builds on three IEEE 123 bus test systems
interconnected by tie-lines, as shown in Fig. 6. Each network is man-
aged by an independent DSO that only exchanges the information of the
interconnecting nodes and internal imbalances with the LMO. The LMO
iteratively sends economic signals to each DSO for market coordination.

The total static load of the system is 8 MW shared among 229 Static
Loads (SLs). Load profiles were synthetically generated considering
three different types of end-users, namely residential, residential with
PV and industrial clients. Regarding flexible assets, there are a total of
8

26 FLs, 42 FGs and 21 BESSs.
4.1. Operation limits of assets

We assume FLs can offer up to 20% of their average demand [42].
Therefore, upper and lower demand limits are given by 0.8𝑃 𝑠𝑐ℎ

𝑓 ,𝑡 ≤ 𝑝𝑎𝑚𝑓,𝑡 ≤
.2𝑃 𝑠𝑐ℎ

𝑓 ,𝑡 . For FGs, only PV systems are considered for this case study.
he upper bound is set by the scheduled power output 𝑃 𝑠𝑐ℎ

𝑔,𝑡 , while the
ower limit is 0 resulting in 0 ≤ 𝑝𝑎𝑚𝑔,𝑡 ≤ 𝑃 𝑠𝑐ℎ

𝑔,𝑡 . Additionally, charging and
ischarging efficiencies 𝜂𝐶𝑠 , 𝜂𝐷𝑠 are assumed to be constant and equal
o 90% for all BESSs. For an effective provision of flexibility, 𝑆𝑂𝐶0𝑠
s set to 50%. Lastly, bounds for BESS 𝑠 are set to 𝑆𝑂𝐶𝑠 = 5% and
𝑆𝑂𝐶𝑠 = 95%.

.2. Offers for flexibility products

Offers for flexibility products are randomly generated following
panish balancing market average prices (5.261 e/MWh for upward

products and 13.192 e/MWh for downward products). Prices for FGs
are set considering that 𝑆𝑑

𝑔,𝑡 < 𝑆𝑡, while for FLs and BESSs, 𝑆𝑢
𝑓 ,𝑡 < 𝑆𝑡,

𝑆𝑢
𝑠,𝑡 < 𝑆𝑡 and 𝑆𝑑

𝑓 ,𝑡 > 𝑆𝑡, 𝑆𝑑
𝑠,𝑡 > 𝑆𝑡. The upward flexibility product prices

for FLs and BESSs are in the interval [𝑆𝑡 − 5.261, 𝑆𝑡) e/MWh, while
the downward flexibility product prices are in the interval (𝑆𝑡, 𝑆𝑡 +
13.192] e/MWh. The downward flexibility product prices for FGs are
in the interval [𝑆𝑡 − 5.261, 𝑆𝑡) e/MWh.

4.3. Flexibility Trading at Inter-DSO LEMs: Centralized approach

To illustrate the trading of flexibility in inter-DSO LEMs, we first
start with the centralized approach. Given the input data described
above, congestion appears at the distribution line 13 – 152 belonging to
DSO . The thermal limit for this line is 1,750 kVA which is exceeded
by the end of the day (blue line) as shown in Fig. 7. We assume that
the DSO requests a volume of flexibility equal to the shaded area of the
figure. Then, a LEM is organized with a time period granularity of 15
minutes for the operation horizon.

We first consider a solution to the LEM where only the agents of the
DSO  (where the congestion is located) are involved in the flexibility
provision and no DSO power exchange is allowed. The solution for
this market is given in Fig. 8(a), where the power flow through the
previously congested line is shown (blue line) along with the traded
flexibility (yellow bars). Not only is the power flow modified in the
periods with congestion, but also in the previous time slots. This is due
to the preparatory operations carried out to alleviate the congestion at
the minimum cost considering the whole operation horizon.

Nevertheless, this cost can be further reduced if the rest of the inter-
connected DSOs are considered in the provision of flexibility through an
inter-DSO LEM. The market solution is modified as shown in Fig. 8(b).
In this case, the costs of flexibility procurement are reduced. The cost
savings are due to the participation of more competitive assets from the
neighbouring DSOs.

Fig. 9 shows the distribution of the per unit total costs, considering
the costs for DSO  as the basis. Most of the traded flexibility is
concentrated in the periods with congestion (19:00 to 23:00), whereas
the flexibility trading in other periods is due to preparatory operations.
Since, in this case study, BESSs are the most competitive agents for
flexibility products, they are responsible for the major part of the
trading (yellow bars in Fig. 9).

The flexibility costs allocated through the periods from 18:00 to
00:00 are shown in Fig. 10. Fig. 10(a) displays the case where only
the assets of the DSO  are included, while Fig. 10(b) presents the
flexibility cost distribution when assets from all DSOs participate in the
market. The total volume of the traded flexibility products is the same
in both cases. In the second case, 11.39% of the traded flexibility is
imported from DSOs  and , resulting in a cost reduction of 16.95%.

Finally, Fig. 11 shows the Lagrange multiplier (𝜆𝐼𝑡 ) associated with
the balance constraint (28). Dual variable 𝜆𝐼𝑡 is (𝑆𝑡−𝑆𝑢

𝑡 ) of the marginal
asset if the demand for flexibility is in the upward direction, or with
(𝑆𝑑

𝑡 − 𝑆𝑡) of the marginal asset if the demand for flexibility is in the

downward direction.



Applied Energy 337 (2023) 120893J.A. Aguado and Á. Paredes
Fig. 6. Illustration of the use case based on the IEEE 123 radial distribution system.
Fig. 7. Power flow in line 13–152 of the DSO  before LEM clearing (blue line),
thermal limit (red line) and flexibility needs (shaded area).

Fig. 8. Power flow in line 13–152 belonging to DSO  after LEM clearing (blue line),
thermal limit (red line) and flexibility products (bars) exchanged in the market. The
solution considering only the assets from DSO  is presented in (a) while in (b) shows
the solution considering all areas..
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Fig. 9. Distribution of the costs for the periods with market trading. Blue, orange
and yellow lines represents the costs of the flexibility products of FLs, FGs and BESSs,
respectively.

Fig. 10. Distribution of the costs for the periods with congestion considering (a) only
flexibility assets from DSO  and (b) flexibility assets from all areas. Blue, orange,
green and red represent the FLs, FGs, BESSs, and DSO  and  assets, respectively,
included in case (b).

Fig. 11. Representation of the marginal cost associated with the overall imbalance of
the grid 𝜆𝐼𝑡 .
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Fig. 12. Evolution of the primal (blue) and dual (orange) residuals for the case study
of the LEM using ADMM (solid line) and LR algorithm (dashed line).

Fig. 13. Evolution of the dual variable 𝜆𝐼𝑡 in the case study during the iterations of
the ADMM algorithm.

4.4. Flexibility Trading at inter-DSO LEMs: Decentralized and Coordinated
approach

The benefits of considering the interaction among the neighbouring
DSOs are presented in Section 4.3., where the total costs for solving the
congestion in DSO  are reduced when assets from areas  and  are
considered. Nevertheless, although profitable, this approach may raise
privacy concerns. The proposed ADMM approach addresses this issue.

ADMM algorithm, as explained in Section 3, is implemented shar-
ing variables 𝑣𝑘𝑡 , 𝜆

𝑣,𝑘
𝑡 , 𝜃𝑘𝑡 , 𝜆

𝜃,𝑘
𝑡 , 𝐼𝑝,𝑘𝑡 , 𝜆𝐼,𝑘𝑡 among DSOs and LMO, at each

iteration 𝑘. The solution using this approach is found to be the same as
that obtained in the centralized approach. Considering a penalty factor
of 𝛾 = 10−5 and 𝜀 = 10−3, convergence is reached after 20 iterations.
Moreover, both primal and dual residuals tend to decrease, as presented
in Fig. 12.

The presented results obtained with the ADMM algorithm are com-
pared to the LR algorithm in Fig. 12 [17]. Convergence is reached
after 73 iterations of the LR algorithm. Additionally, both primal and
dual residual curves are steeper for the ADMM algorithm. This feature
enables this method to not only to reach convergence before LR, but
also to obtain an order of magnitude higher level of precision after 100
iterations.

Fig. 13 presents the evolution of the marginal costs associated with
the overall imbalance restriction for each time period 𝑡. For simplicity,
only 12 Lagrange multipliers are shown.

The evolution of the dual variable 𝜆𝑣,𝑘𝑡 associated with the voltage
magnitude 𝑣3149,𝑡 is depicted in Fig. 14. The values of the multipliers
tends to zero.

Evolution of the total costs and imbalance among DSOs is shown
in Fig. 15, attaining the centralized solution. These iterations represent
the interactions among DSOs and LMO prior to reaching convergence.
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Fig. 14. Evolution of the dual variable 𝜆𝑣,𝑘𝑡 associated with voltage magnitude 𝑣3149,𝑡
in the case study during the iterations of the ADMM algorithm.

Fig. 15. Evolution of the total costs (green line) and the imbalance variables in the
case study during the iterations of the ADMM algorithm (bars).

During the initial iterations, DSOs  and  respond to the LMO market
signals with upward imbalance. Then, after some iterations, DSO 
trades downward flexibility. Finally, the market is cleared, and com-
plicating constraint (28) is satisfied when the upward and downward
imbalances reach convergence.

Comparing the centralized and decentralized solutions in terms of
their hourly costs and the dual variable 𝜆𝐼,𝑘𝑡 , the maximum differences
are 1.17 ⋅ 10−4 and 1.42 ⋅ 10−4, respectively.

4.5. Impact of the uncertainty in the Inter-DSO LEM clearing

In this section the impacts of the uncertainty of the forecast errors in
the local market-clearing solution is analysed. The number of scenarios
included in the formulation is 125 for random parameters 𝑆𝑒,𝑡, 𝑃 𝑠𝑐ℎ

𝑒,𝑓 ,𝑡,
and 𝑃 𝑠𝑐ℎ

𝑒,𝑔,𝑡, after a scenario reduction technique is used.
The results of the deterministic and the stochastic simulations are

compared in Fig. 16, where the deterministic costs are compared with
the expected costs of the stochastic formulation. The expected costs
in the stochastic version are a 6% greater than those obtained in the
deterministic version. The flexibility products quantity also increases
to 4.79% and it also increases flexibility mean price also to 2.51%.
Nevertheless, these variables show a similar temporal distribution as
Fig. 16 shows.

The stochastic version of the proposed formulation return values for
the variables in each scenario. Thus, the probability density distribu-
tions of the flexibility magnitudes can be rebuilt. Fig. 17 represents the
probability density functions for the costs, products quantity and prices
of the market for different time periods. As figure shows, there are some
time periods where it is expected that the costs, the products quantity
and the price are close to zero, i.e., when the grid is not congested.
However, the time periods around 20:00, shows a displaced distribution
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Fig. 16. Comparison of the deterministic solution (blue) versus stochastic solution
(green), regarding the market costs (a), the quantity of the products (b) and the
marginal price of the flexibility (c).

Fig. 17. Probability density functions of the costs of the market solution (a), the
quantity of the products (b) and the marginal price of the flexibility (c) for different
time periods.

function, which indicates that it is expected that flexibility is traded
during these periods to solve the congestion.

4.6. Computational and privacy issues

The decentralized inter-DSO LEM clearing problem can be cast
as a quadratic optimization problem with a set of linear constraints.
This problem is solved using CPLEX in the GAMS software [43]. All
simulations are performed on a personal computer with a quad-core
Intel i7–4720 HQ 2.60 GHz with 16 GB of RAM. It takes approximately
one second per iteration to solve the market clearing, using the ADMM
algorithm, for a total time of 21.397 seconds. The total time spent
using LR for the market clearing was 37.954 s. The stochastic version
of the problem spent around 29.245 s per scenario to solve the market
clearing. Thus, although the time spent per iteration is lower for LR, the
11
Table 2
Comparison of the performance of the ADMM, LR and stochastic
algorithms for solving the decentralized version of the LEM.

ADMM LR SCH

Number of its. 20 73 25
Seconds per it. 1.0699 0.5199 1.1698
Computational time 21.397 37.954 3655.63
Model type QCP LP LP
Solver CPLEX CPLEX CPLEX
Precision 100 its. ∼10−4 ∼10−3 ∼10−4

high number of iterations needed to obtain the same level of precision
makes this algorithm less favourable. The results for both algorithms
are compared in Table 2.

The performed simulations proved that the proposed
market-clearing procedure can be solved within the market time frame.
In the case of an increase in the number of participating DSOs or
an increase in the complexity of the flexible assets, a parallelized
version of the ADMM can be used [44] to streamline the algorithm.
In the decentralized setting, the number of equations and variables are
231,651 and 216,963, respectively. Only 16 variables are exchanged
among DSOs and LMO, accounting for 0.00690694% of all problem
variables. Privacy is preserved because the shared information does not
contain any nominative data of the participants.

5. Conclusions

This paper presented a coordinated and decentralized methodology
for flexibility products trading in inter-DSO LEMs. Inter-DSO market-
clearing problems can be solved using ADMM-based algorithms while
preserving the privacy of the information associated with each DSO.

Optimal dual variables associated with the node voltage magnitude
and phase angle at the tie-lines and overall imbalance equation, are
the signals that properly drive the coordination mechanism to achieve
system-wide efficiency. Coordinated self-operation of DSOs, based on
minimizing the provision costs of the flexibility product yields the same
electrical and economic operating points as of those where DSOs are
centrally operated. This result is achieved at the cost of strong and
iterative coordination among the involved DSOs.

A case study based on the IEEE 123 bus system demonstrated the
feasibility of this approach, achieving savings of 16.95% compared to
that of the non-coordinated solutions. The coordination mechanism
requires a reduced number of interactions among DSOs and LMO to
achieve convergence for a total of 20 iterations in the case study. The
stochastic version of the problem shows less than 6% of deviation from
the deterministic simulations, which demonstrate the robustness of the
proposed approach.
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